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Abstract
We consider the fourth order ordinary differential operator Au := (au)" with
boundary conditions

Au(j) + Bi(au") (§) + yu(d) =0,  j=0,1

and one of v’ (j), u" () vanishes for j = 0,1. Here 8o < 0 < B1.
Then A is essentially selfadjoint and bounded below on the Hilbert space
H = L*(0,1) ® C2, the completion of C[0, 1] under the inner product

(woym = [ u@hl@ e+ Y wyuliol@)
0 izo

where w; := (—=1)?T!/8; for j = 0,1. Applications to partial differential
equations are given.

1 Introduction

In some previous papers (see e.g. [5], [6], [4]) we showed how to solve linear
parabolic equations of the form Dyu = Au (A a second order elliptic operator)
with boundary conditions of the form aAu + 8 % + yu = 0 on 91, provided
that 8,y € C1(89), B > 0 on 0. Here we find the corresponding results for
the fourth order operator A of the type Au := (au")", where we assume that

(A1) a€C*0,1], a(z)>0 in [0,1],
with general Wentzell boundary conditions of the type

(BC); Au(j) + B (au") () +vju(j) =0 j=0,1,
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where fy < 0 < 81, and y; € R, for j = 0,1. In order to study positivity and
essential selfadjointness of A in suitable Hilbert spaces, obtained as comple-
tions of C[0,1] with respect to an inner product depending on 3;, j = 0,1,
additional boundary conditions must be imposed. Notice that boundedness
below and essential selfadjointness of an operator B guarantee the existence
of an analytic semigroup and of a cosine function generated by the closure of
—B (see e.g. [11], Theorem 6.12, Theorem 6.6, Theorem 7.4, Theorem 8.5)).
For the treatment of the higher dimensional case we refer to [7]. A classifi-
cation of general boundary conditions for symmetry, boundedness below and
quasiaccretivity of the operator Au = u'"" will be studied in the paper [8]. Ex-
amples of fourth order elliptic operators with classical boundary conditions
can be found e.g. in [13], Chapter 2, Section 9.8.

2 The main results

We consider the case when the coeflicient a is sufficiently regular and stricly
positive, i.e.

(A1) a € C*0,1], a(z)>0 in [0,1).

Then we assume that

(A2) w = (w,ws) €R?, w; >0 for j=0,1,

(A43) H := L*(0,1) ® C2 denotes the completion of C[0,1] with respect to

the norm associated with the inner product
1 1
(u,v) g ::/ u(zw(z) =+  wiju()(), u,v e H.
0 j o
Note that if v € H'(0,1), then v € C[0,1] and u can be identified with
(u,u o1 ) € H.
et us introduce the following additional boundary conditions:

(BC), W'(0) = 0= u"(1),
(BC) w"(0) = 0 = u'(1),
(BC)4 u'(0) =0=1'(1),
(BC) w"(0) = 0 = u(1).

et us consider u,v € C*[0, 1] which verify (BC);, where 8y < 0 < 1, and
v; € R, for j = 0,1. We start by studying the symmetry, if A is defined on

D (A):= weC*0,1]: (BC);, j=0,1, and (BC) hold
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for some =2,3,4,5, where w; := (—1)J ! 3, for j =0,1.
et us evaluate

1

(Au, )5 = / ("Y' @)@ o+ w;Au(i)o(F)

j o

and denote by

Cri=  wiAu(j)v(j).
jio

Integration by parts in (2.1) gives

(Au,v)g = /0 (au")"(z)v(z) =+ Cy

= —/0 (au") (z)v'(z) z+ (au")v §+ Cy

1
= / (au")(z)v" (x) = —au'v' § + By + Cy
0

(w By = (au")'v §)

1
= —/ u'(z)(av) (z) = +u'av” § + By + By + Cy
0

(w By = —(au")v' })

1
= / u(z)(av")"(z) = —u(av") §+B + By + By + Cy
0

w B =@
1 4
:/ w@)Ao@) ¢+ B +C
0

(w Ci=  wju(j)Av(j)) -

(2.3)

We show that if we add one of the additional boundary conditions (BC')
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for =2,3,4,5, then

4
B +C,-C; =0, (24)
1

and, consequently, (A4, D (A)) is symmetric.
et us examine all the cases corresponding to (BC) , =2,3,4,5.

ase (BC)y. Assume that u, v satisfy (BC)a2, i.e.
wW(0)=0=4u"(1) a v'(0) =0 =2"(1).
This implies
By=B =0. (2.5)
oreover, from the boundary conditions (BC);, j = 0,1, it follows that

Au(j) = —Bj(au")'(j) — vu(j), j=0,1
Av(j) = —Bj(av") () —vv(@), §=0,1.

Hence

1 1

Ci—C =  wjdu(v()—  wiu(j)Av(j)
Jj o j o
wjv(5)[—B;(au")' (j) — vu(j)]
j 0
- wu(d)[-Bi(av") (§) — v0(j)]
j 0
w; Bi[u(h) (@) () — v(j) (au") (j)]. (2.6)

7 0

n the other hand

Bi + By = (au")'(1)v(1) — u(1)(av")'(1)
+u(0)(av")'(0) — (au")' (0)v(0). (2.7)
Thus, plugging (2.5), (2.6) and (2.7) in the left hand side of (2.4), we obtain
(1—wify) [(au") (1)o(1) — u(1)(a") (1)]
+(1+wofo) [u(0)(av™)'(0) - (au")'(0)v(0)] =0, (2.8)

and assertion (2.4) holds.
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ase (BC) . Assume that u,v satisfy (BC) , i.e.
u"(0) =2"(0) =0, «'(1)=2'(1)=0.
Thus, as in case (BC)2, B = B = 0 and similar arguments as in case (BC),
allow us to conclude that assertion (2.4) holds.
ase (BC)4. Suppose that u,v satisfy (BC)y, i.e.
u'(0) =2'(0) =0, «'(1)=4'(1)=0.
Then again B, = B = 0 and similar arguments as in case (BC)2 lead to the
conclusion that assertion (2.4) holds.

ase (BC) . Assume that u,v satisfy (BC) , i.e.
u"(0) =2"(0) =0, «"(1)=2"(1)=0.

Therefore, B, = B = 0 and as before the assertion follows.
In order to prove positivity, let us consider u € C*[0,1] and observe that,
according to calculations in (2.3), we have

1
(Au,u)g = / au"? r—auu' §+ (au")u
0
1

+  w;iAu(§)u(j).
7 0

If, in addition, u satisfies (BC);, j = 0,1, and (BC) for some =2,3,4,5,

then auu' § = 0 and we obtain

1
(Au,u)g = / au"? x4+ (au')ug (2.9)
0
1

+ wjAu(j)u(j)-
i o

Now, by ta ing into account (BC);, j = 0,1, we have
1 «
(Au,u)g = / au"? o+ (au")u
0

1

+ w;[=B;(au") (§) = yju(s)]u(y)
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This is the reason we assume w; := (=1)7 ! g;, j = 0,1. Then this choice of
(wg,w1) uniquely determines H. It follows that

1
(Au,u)g = / au"? x—yowo u(0)? — yrwy u(l) 2. (2.11)
0

Thus, if we add the assumption y; 0, j = 0,1, it yields that

1

1
(Au,u) g :/ au"? z+ v wj u(j)? 0. (2.12)
0 io

In particular, if v; <0, j = 0,1, then
1 1
(Au,u)g = / au"? z+ v wj u(j) 2 >0, (2.13)
0 i o
unless u = 0.
Now we prove the following result which is of independent interest.

A Given wg > 0,w; > 0,t eeeists >0su tat o an
u € C?0,1] e ave

1 1 1 1
/ u'(2)? x4+ wju(j)? / u(z)? z+  wiu()? .
R et us consider u € C?[0,1] and o € [0,1] such that
1
u(1) = u(0) :/ W'(@) = u(a0).
0

Then

u(x):/o W) +ul0)

:/0 / u'()  +u(mo)  +u(0)

:/0 / u’( ) + 20 (z0) + u(0).

Since (a+ )? 2a®>+2 % for any a, € R, we deduce that

/01 u(z)? = 2/01 u(z) 2 x+2/01 o' (z0) + u(0) ® =

Therefore, for any z € [0,1]:
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zu'(zo) +uw(0) 2 24/ (xo) % + 2 u(0) 2
=2(u(l) —u(0) ?) +2u(0) 2
4u(1)?+4u(0)2+2u(0)?

This gives
1 1 1
/ u(z)? @ 2/ u'(2)? +12  u(j)?
0 0 jio
or, equivalently,
1 1 [t 1
/ u'(2)? = —/ w(x)? r—6 u(j) 2.
0 2 Jo ;
7 0
It follows that for any 0 < « 1, we have
1 1 a 1 1
/ u'()? x4+ wju(j)? —/ u(z)? =+ u(j) *(w; — 6a).
0 j 0 2 Jo j 0

Choose a :=min 1,wg 12,w; 12 , thus w; —6a w; 2, for j =0,1. Hence

1

1 1
/ (@) 2+ wiuG)? g / u@)? o+ u(j) w;
Then the assertion is true with = a 2. 0
et us state our main result.
R nde t e assum tions (A1) — (A3), t e o eato A it
domain
D (A):= uweC*0,1]: u satis es (BC);, j=0,1, and (BC)
is essentiall sel ad oint and ounded elo ontesaeH o an =
2,3,4,5, ovided t at fo < 0 < p1, wj = (-1} ' B;, and H ist e o
es ondin il ets ae naddition, e ave A and 0 es. >0
v 0 e .y <0, 0o j=0,1.
R et us define A the realization of A in H with domain D (A) for

—2,3,4,5.fu € D (A), then by (2.10) we obtain
1
viw; u(f) *.

1
(A u,u)H:/ au"? x—
0 0

J
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Thus, ify; 0,7 =0,1,then A 0. In general, we have

1 1
(A u,u)n ao/ u"? w - ywju(g)®
1 1
= [ s
i o 0
min —%Y0, =71 -1 wu %I
This yields that A is bounded below. oreover, if v; < 0, for j = 0,1, then
emma 1 allows us to find an ¢ > 0 such that

1

1
(A u,uw)g o / u? z+  wiju()? = ou g
0 .
7 0

Thus the second assertion of the theorem holds. Now, according to previous
calculations, we already now that A is symmetric for any = 2,3,4,5.In
order to prove that A is essentially selfadjoint, it suffices to show that the
range of 4+ A is dense for sufficiently large real . To this end, let us
consider for each € C?[0,1] the equation

u+Au= in [0,1]. (2.14)

We see asolution v € D (A) which satisfies (2.14). From (BC); and (2.14)
we deduce that

—Bi(au”)' () + ( = v)u@@) = (), j=0,L (2.15)

We begin by finding a wea solution of (2.14). et v € C2[0,1], multiply
(2.14) by v and integrate to get

1 1 1
/ uv x+/ (au")"v :1::/ v . (2.16)
0 0 0

Integration by parts gives

1 1
/ ut z + (au")'T § — / (au")'?' =
0 0

1
= / v . (2.17)
0
From (2.15) we deduce that

( —%u@) - ()

(au")'(§) = 3, :
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and we obtain that (2.17) becomes

/1 s =W _ (= 10)u0)7(0) _ /l(au,,),ﬁ, )
0 0

B Bo
_ [ 5 . WE) (00
—/0 T x+ 3 5 (2.18)
Again integrating by parts gives
[ o LU _ = lul0i0)
0 P Bo
1
_ N "1t
(au")v 0+/0 au'v" x
1 — —
_ - Mv) _ _(0)v(0)
—/0 v T+ 5 B0 (2.19)
Now, for any = 2,3,4,5, let us introduce

= weC*0,1]: u satisfies (BC);, j=0,1 and (BC) |,

and observe that for any = 2,3,4,5 and any u,v € , the equality (2.19)
reduces to

[ o (SR _ (OO e
0 0

IB B au v T
1 0
[0 a0 000 20

For =2,3,4,5 let us denote by the completion of  with respect to the
norm given by

2 "2 12
v = uH+ wu 01 .

et L(u,v) be the left hand side of (2.20) and let (v) be the corresponding

right-hand side. Thus L is a bounded sesquilinear form on and isa
bounded conjugate linear functional on  : indeed for any u,v € we have
L(u,v) max ,1 u v  +( 4+max y,m ) umVEHE
1() u v
and
(U) H Y J

provided that € H. Also

eL(u,u) min y T 71 _7051 U 2 .
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y the ax- ilgram lemma, for any = 2,3,4,5, for any > max v1,70,1
and for any € H there is a unique u € such that
L(u,v) = (v), we€

That is, (2.20) holds and this u € is our wea solution of (2.14) which
satisfies (BC) , if sufficiently regular. For in a dense set, we want to show
that our wea solution is in D(A ). If € C* [0,1], then we now that
u € H'(0,1) satisfies (in the wea sense)

u+ (au")" = €C* [0,1],

together with the boundary conditions in , when sufficiently regular. ore-
over u satisfies the uniformly elliptic problem

v+ (@)= in (0,1), (2.21)
v(g) = 10), V') = 20) =01, (2.22)
where 1(j) = u(j), 20j) = «'(j), for j = 0,1. This implies that v = u €
H?(0,1). Next, if we define := au”, it satisfies
"= - wve H*0,1)

and

'G)= @), =01,
where  (j) = L ( v(j) —vv(j) — (), for j = 0,1. Then v € H*(0,1) and
sou € C  [0,1]. This implies " € H*(0,1) and we obtain that € H (0,1).
Then by Sobolev s embedding theorems (see e.g. [9], [14]), u € C*[0,1] and, as
u belongs to  , it satisfies (BC'); for j = 0, 1. This yields w € D (A). Hence
A is essentially selfadjoint. This shows our assertion for any = 2,3,4,5. I

R AR Notice that in the previous theorem everything wor s pro-
vided that a € H (0,1). Indeed, for the symmetry of A it suffices that
a € C?[0,1], while for the range condition of the closure of A it suffices
(see the last four lines of the proof) that u" € H (0,1), what follows from
a € H (0,1). In addition, if we denote by D := D , then similar arguments
as before can wor also for B2, with B := D(aD), and operators of the type
D*(aD?)+D( D)+ acting on H, provided that a satisfies (41), € C [0,1],

€ C?[0, 1], and suitable additional boundary conditions are considered. Ex-
tensions to dimension wor well provided that D is replaced by (see

[7])-

R AR et Au := u""” on an interval (a, ) R. Associate any
linear boundary condition with A (e.g. general Wentzell boundary conditions
or obin boundary conditions). We have

C (a,8) D(A).
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We now that, in many cases, A is accretive on L? (or H), i.e. —A is dissi-
pative. We show that A is not quasi-accretive on Cla, 8]. For convenience we
ta e >0and[a,B]=[-2,2] Assume that <1, andta e be an even
positive integer sufficiently large, in such a way that

4
(2 )n 4 =
If we define
u(z) =2 —z* +
with 10, then it follows that u is even and positive in [-2 ,2 ], provided
that (2 )* <

oreover we obtain

u"(z) =24+ ( -1)( -2)( —3)" .

etu:=u ,where €C (-2,2), even, 1in [0, ], and decreasing
in ( ,2 ). Hence u € D(A) (no matter which boundary conditions we use)
andu =u on[—, |,forany €

Notice that u is even and we have

u(z)= 2" '—4dz =4z Za:”4—1 <0 on [0,2].

Therefore u is decreasing in [0,2 ] and max_ u(z) = u(0) = . Since we

havev' =4 +u '

, it follows that u is decreasing in [0,2 ] and
In addition we have
(-1 —-2)( -3) * "<

Hence
u""(0) = Au(0) € [-24, —23].

n C[-2 ,2 | = Cla, 8], we consider the mapping
= o= u o€ (u),

where is the duality map and o(u) := u(0) (see e.g. [2], Chapter II Examples
3.26). bserve that

< Au, >= J""(0)€[-24 ,-23 ].

Consequently < Au, > cannot be nonnegative for all € (u).
oes exist € R such that A+  is accretive
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The answer is no. Indeed, if it were yes, then we should obtain
<Au+ u, >= u"0)+ u?
= J"0)+ °?
= @"(©0)+ )
<(-23+ ).
Thus, given > 0, if we choose € (0,23 ), we should get the contradiction
<Au+ u, ><O0.

We wor ed on C[—2 ,2 ], but we could rescale to ma e things wor on
[0, 1]. For other relations between boundary conditions and accretivity when
Au = u""" see [7].

R AR et us consider the operator Aju = (au”)" on C*[0,1],
where
a € C*0,1], a(z) >0 forall ze€]0,1].

We equip A; with general Wentzell boundary conditions (BC);, for j = 0,1,
where v; € R, fp < 0 < f1, and with (BC) , for = 2,3,4,5. Then 4, is
essentially selfadjoint and A on H. In addition, 0if 9,71 0 and
> 0 if 79,71 < 0. Also, for @ 1, let us consider the operator B := D? on
C?[0,1]. It is essentially selfadjoint in H if the boundary conditions are

Bu(j) + Bju'(§) + vu(j) =0, j=0,1.

Then A, := B2 on H has its boundary conditions
u"(j) + B (§) + vu"(§) =0, j=0,1 (2.23)
u"(§) + By (§) +vju(j) =0, j=0,1. (2.24)

All of these operators, i.e. A; for a 1 with (BC);, j = 0,1 and (BC) for
2 5, and Ay = B? with (2.23) — (2.24) agree on the same domain

Co(0,1):= weC*0,1] : u (§)=0,0 4, j=0,1 .
oreover, for any of these A’ we have
dim D(A4) Cg(0,1) <
(see [7], Appendix). Thus, if € (A4;) (A2), then
(=4 '=( -4 1!

is a finite ran operator. Since A, = B? has a compact resolvent (since B
does by [1]), so do all of our A .



Fout ode oeatos it entzell ounda onditions 13

Re erences

[1] .A. inding, .. rowne, and .A. Watson: S etal o lems o
non linea Stu m douville e uations it ei en a amete de endent
ounda  onditions, Canad. . ath. 52 (2) (2000) 248-264.

[2] . .Engeland .Nagel: ne a amete Semi ou s o inea vo
lution  wuations, raduate Texts in ath. vol. 94, Springer- erlag,
erlin 2000.

[3] .C. Evans: a tial % e ential wuations, raduate Studiesin ath-
ematics vol. 19, A S, rovidence, hode Island, 1998.

[4] A. Favini, . uiz oldstein, .A. oldstein, E. brecht and S. o-
manelli: Gene al  entzell ounda onditions and anal ti semi
ou son ! (0,1) Appl. Analysis 82 (9) (2003) 927-935.

[6] A. Favini, . wuiz oldstein, .A. oldstein and S. omanelli: Cy
semi ou s ene ated se ondo de di e ential o e ato s it ene
alized  entzell ounda  onditions roc. Amer. ath. Soc. 128 (2000)
1981-1989.

[6] A. Favini, . wuiz oldstein, .A. oldstein and S. omanelli: e
eat e uation it ene alized entzell ounda ondition . Evol.
Equ. 2 (2002) 1-19.

[7] A.Favini, . wuiz oldstein, .A. oldstein and S. omanelli: Fou ¢
ode oeatos it eneal entzell ounda onditions (submit-
ted).

[8] A. Favini, . wuiz oldstein, .A. oldstein and S. omanelli: las

si ation o ene al entzell ounda onditions o out ode o
e ato s in one s a e dimension (preprint).

[9] . ilbarg, and N.S. Trudinger: lli ti a tial i e ential wations
o Seond de Springer- erlag, erlin, Heidelberg, 2001.

oo U U U U Uo oo

[10] . wuiz oldstein: Gene al ounda  onditions o a a oli and
e oli o lems in Interplay etween (Cy) Semigroups and Es:
Theory and Applications (S. omanelli, . . ininni and S. ucente
eds.), Aracne, oma (2004) 91-112.

]

[11] .A. oldstein: Semi ou s o inea e ato s and A Ui ations x-
ford niversity ress, xford, 1985.



O

14

A. Favini, G. Ruiz Goldstein, J. A. Goldstein and S. Romanelli

[12] . . ax: Fun tional Anal sis, Wiley-Interscience, New or , 2002.
[13] . . ions, and E. agenes: o lemes au limites non omo enes et
a Ui ations, ol.1, unod, aris, 1968.
[14] H. Triebel: nte olation , Fun tion S a es, i eential ea
to s, North-Holland ublishing, Amsterdam, 1978.
Angelo Favini isele uiz oldstein
niversity of ologna niversity of emphis
epartment of athematics epartment of
iazza di orta S. onato 5 athematical Sciences
40126 ologna emphis
Ttaly Tennesse 38152
favini dm.unibo.it ggoldste memphis.edu
erome A. oldstein Silvia omanelli
niversity of emphis niversity of ari
epartment of epartment of athematics
athematical Sciences ia E. rabona 4
empbhis 70125 ari
Tennesse 38152 Ttaly

jgoldste memphis.edu

romans dm.uniba.it



