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Abstract. Let us consider the operators Bpu = (—1)"T1z7(1 — z)"u(27) with domain
D(By) = {u € H}(0,1) N H2"(0,1) : Bpu € HF(0,1)}, n € N, n > 1. We prove that

loc
any (Bn, D(By)) is nonpositive and selfadjoint on H{(0,1), hence it generates an analytic

semigroup in the right half plane on H'(0,1). Analyticity results are also proved in H™(0,1).

Extensions to more general operators of the type Apu := (—1)"+1anu(2") are obtained,
provided that oy, € HJ'(0,1), an(z) > 0 in (0,1) and an is suitably related to z™(1 — z)™.

1. INTRODUCTION

Of concern is the degenerate ordinary differential operator

Anu(@) = (=1)" an (@)ul® (),
where u(?") = ﬁi—z,‘f, an € C[0,1], @, > 0 on (0,1), a, is smooth enough and «,, vanishes
at rates within prescribed bounds as £ — 0, 1. The main example is

Bhu(z) = (—=1)" Tz (1 — 2)"ul™ (z).

The case of B; arose in the work of W. Feller in the 1950’s. Feller considered the diffusion
limit of certain genetic models modeled by Markov chains with many states. More precisely,
let &, be an n-state Markov chain. Identify the n states with S,, = {#5j =0,1,...,n—1}.
Each real function on S, extends uniquely to a real continuous piecewise linear function
on [0,1], with constant slope on each interval (<, %)

These functions form an n-dimensional subspace E,, of C[0,1] and the union of the E,
is dense in C[0,1]. The Markov semigroup 7T, determined by &, acts on E,. Define the
projection P, on C[0,1] by P, f (ﬁ) =f (ﬁ), and extend P, f uniquely as a piecewise
linear continuous function. Now, a Markov semigroup 7 is called the diffusion limit of T,
provided

T(t)f = n Tn(t)Pnf

for all f € C[0,1] and all¢ 0. The diffusion limit semigroup 7" that Feller constructed
has B; as its generator, when Bj is given the domain

(B1) ={u € C[0,1] ByueC [0,1]},



which incorporates the so-called Went ell boundary conditions (i.e., Biju vanishes at the
endpoints).

Feller proved that T is a positive (C ) contraction semigroup on [0,1]. The question
of analyticity of this semigroup remained open for a long time. In 199 , . Metafune (see
[ ]) solved this problem and proved that T is a semigroup analytic in the right half plane.
Meanwhile, in [ | we noticed that the same conclusion holds on the first obolev space

= 1(0,1). In fact, a stronger result holds. ssign to B; the domain

(B1)={ue 2(0,1) Biue };

then Bj is a nonpositive selfadjoint operator on . The analyticity conclusion (and more)
follows immediately from the spectral theorem.
In this paper we show that B, on (B,)={ € , M(0,1) Bpu€ .} (where
n = ™(0,1)) is a nonpositive selfadjoint operator on ,. Moreover, we do this in the
more general context of A,,.

RELIMINAR RESULTS

Forne N,n 1,let ™(0,1) be the obolev space endowed with the inner product
1
u, >p= u™W(@)y () z, u, € "(0,1)

which is equivalent to the usual inner product in  ™(0,1), given by

u, >= ulz)(z) z u(z)” () = .. u™ ()~ (z) z,

in view of the oincare inequality.

The next emmas collect some results which will be crucial in the proofs of the theorems
of ection

L neN n 1. e ™(0,1)
(.1) () "2 n, xz€(0,1),
() (@) (A-2)"72 =, xe(0,1)



We prove ( .1) and ( . ) by induction. et n =1 and consider

any z € (0,1), from

it follows that

we obtain that

(.5) @ T-z( @Ot TI-z

€

1(0,1). For

Thus the first two assertions are true for n = 1. Now, let us assume ( .1) and ( . ) hold

true for a certain n € N and show they follow for (n 1).
To this aim, take € "'(0,1) and = € (0, 1). Therefore
that
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In a similar way, starting from ( .5), one obtains that
() (1 —x)"*s= no,

hence the assertions ( .1) and ( . ) are true for (n  1). We conclude that the assertions
(.1)and ( . ) hold forany n € N, n 1.

The assertion ( . ) easily follows from ( .1) and ( . ). Indeed, for any n € N, let us
observe that

(t) z™! 2 1
-z G-ap " €05
and N2 . o .
x”(l(—) x)" ( _x:f‘) Teoz€ (5.
ence . @ )
zn(1—z)" ’
and
@ @° G
(1 —z)" (1 —z)" , (1 -z)"
) 3 pn—l 1 (1 _ x)n—l
d (1—-x)" o . x™ 2l
2n{ n[%]i n[_(l _nm)n];}

This shows that ( . ) holds true.

L neNn 1 fe ™0,1) uwe ™0,1) 2n(0,1)
(1 — z)"ul®) € ™(0,1).

(.) W (@) F@) z=(-1)"  uW@F (@) o
f=u

(.9 u® (z)u(z) z=(-1)" u™(z)? .

We argue by induction on n. Forn =1,let f € (0,1),ue '(0,1) 2 (0,1
withz(1—z)u € 1(0,1),andlet (z) =z(1—z)u (z)= * (t) t.For0 r 3



from ( .1) it follows that

— = t) t = t
w@-u() =  u) oD
SO
t(1—1)

Tt

t

= (z— 7)=0
as x, — 0". ence there exists lim, u (z) € C. nalogous arguments lead to the

conclusion that there exists lim, ; u (z) € C. ence

lim u (z)f(z) =0= lir? u (z)f().

T x

It follows that
1 1

v @)f@) e=— u@] (@) =

Thus the assertion ( . ) holds true for n = 1.

Now, let us assume that ( . ) is true for a certain n € N and show it follows for
(n 1). To this aim, take f € "*1(0,1) andu € "*(0,1)  ?"*2(0,1) with "+ (1 —
)"ty nt2) ¢ 1), et (z) = 2" T1(1 — 2)" T w2 (). For 0 z 3, by
( .1) we have that

2n+1 2n+1 _ v 2n+2 _ ’ (t)
u® D (z) — () = u®A() ¢ = (1 — ¢)n+l

¢ (1)
nt+1 (1 — t)n-l—l

x

t

n+1

n

wl‘ <+

- n+t2 n ( E_ _)_>0

as z, — 07. Then we can say that

lim «®V(z) e C, lim u®"*Y(z) e C,

T z 1

and thus
lim w*(@)f(2) = 0= lim uC"*) (@) ().

T x



The induction assumption guarantees that

1 1

1
_ (_l)n—l-l GESY (:E)?(H-H) (.’E) T

ence the assertion ( . ) holds true for (n  1). We can conclude that our assertion ( . )
holds for every n € N, n 1. This easily gives ( .9) for f = w.

E O ERATOR Bpu = (=1)"*1z™(1 — z)"u(),

Our main goal of this section is to show that, for n € N, n 1, reali ations of the
operator Byu = (—1)"t'2”(1 — z)”u(®® on the spaces ™(0,1) and ™(0,1) generate
analytic semigroups. Indeed the following results hold.

T B "(0,1)

(Bp) ={ue ™0,1) u™e ™ (0,1),2"(1—2)"u®) e ™0,1)}
B,u = (—1)"+1x"(1—x)"u(2"), u€ (Bp)

n(0,1).

For n = 1 the assertion was proved in [ , Theorem 1]. et Byu = (—1)"T1z"(1 —
z)™u(®® be the operator with domain

(By)={ue ™0,1) u™e ™(0,1),z"1-2)"u® e ™0,1)},

acting on  ™(0, 1) equipped with the inner product

u, >": un(m)—n(m) z, u, € n(Oal)'
et us take € C, with >0,u € (B,) and consider the equation
(.1) u  (=1)"z"(1—z)"u®) = fe m0,1).

Then, for any = € (0,1) we have

( ) ) & (-1)"11,(2") (aj) = L

(1 —z)"



et us multiply both members of ( . ) by @(x) and integrate between 0 and 1. The result
is

1 u(a:) 2

— z (=1)" 1u(2”)xﬂx x = 17f($)ﬂ(x) x
Sl © (@) .

ince, according to ( .9), we have
1
uP (@) ¢=(-1)" uM(2)? o

it follows that ( . ) becomes

(.) : CIC) i x 1 u™? g = 1 S@ja@) x.

(1 —x)" (1 —x)"
Observe that in ( . ) all integrals converge. Indeed, from ( . ) and u € ™(0,1), the inte-
grals at the left hand side are finite, while the auchy- chwar inequality and ( . ) imply
that the integral at the right hand side converges too. fter taking real and imaginary
parts in ( . ) we obtain

1 2 1 _
w@? o, fu)
z™(1—z)n z™(1 —x)n
and ) ) ) B
u@)? Sy
(1 —z)" (1 —x)"
Therefore
1 2 1 2 1 2
(1 —z)n z"(1 —x)? z"(1 —z)n
Thus, according to ( . ), we deduce that
1 2 T
u(zx) _
( (1 —z)» z) n ;o
On the other hand, multiplying ( .1) by @™ and integrating in (0, 1) we have
1 1 1
(.5) uw(@)a®(z) z (-1 2"1-2z)"u®(2)? z=  f@)u®(z) z.

Note that by (1 — 2)"u(") € ™(0,1) and ( . ), we obtain

1$n — )" u(2n) P 2 T = ! (‘,L.n(l — x)n)Q u(2n)(x) ?

T



If we take real and imaginary parts in ( .5) and apply ( . ), ( . ) and ( . ), then the result
is

( )u 2. 2"(1—z)" u®(z)? z

1 @) (1 —2)" u®(z) =
— [ (0 2"(1-w)"ul(@)? 2)7.

Therefore .

( 2"(1-2)"ul®M(z)? 2)? - f n.
In addition, by ( . ) we can rewrite ( .5) as
1 1

u . 2"(1—2)" u®(z)? z = F™ ()™ (z) .

ence we deduce the a priori bound
u »n Cf »=C( —Bpu =,
for some constant C = C(n) > 0. The preceding arguments also show that B, is symmetric

on "(0,1) too. Indeed integration by parts gives

1
Buu, >;=(-1)"" (@1 -2)"u®)M (@) (2) &

— (@12l (@) (@) @

~—~~
N
I

()" u @)@ (1 - )" ) ()

(_1)n+1 u, .’L‘n(l . m)n—(2n) >

for all u, € (B,). Thus the expression in ( . ) is symmetric in 4 and ~ and
Bnua >p= u, Bn >n .

In particular
1

Bpu,u>p=— z"(1—2z)"u®(z)?2 z 0.
Now, we observe that for all u, € (B,)

1 1
( =Buu, >p=  u™ (@) ™(z) 2 2™ (1 - 2)"u® (z)" M (2)



by (. ).

et us introduce the space ,, defined by

1
n={ue ™0,1) u™e ™ (0,1), (1 —z)" ul®(2) 2 2 }s

equipped with the inner product

1 1
u, > .= u™(@)™(@) 2"(1 — 2)"u® ()~ (z) .

n

Then ,, is a ilbert space which coincides with the completion of C' (0,1) with respect
to the norm defined by

1 1
u? = u™(z)? & a"(1—2)" u®(z)? =z
Now, the sesquilinear form
1 1
a(u, ) = u™ (@) () @ 2" (1 - 2)"uC® (2) " (2) @
is continuouson ,  , and coercive, because u 2n = p(u,u). It follows that the operator
C,, associated to ,(, ) (see[ ], Theorems . and . ,pp. - 9)isan isomorphism from
n to its dual ,, and the part C, of C,, in ™(0,1) is positive definite and selfadjoint.
ince
(Cp)={ue , Chue ™0,1)},
the operator C,, is precisely — B, so that C,, = — B, is onto "™(0,1). Then the
assertion of Theorem .1 is proved.
C n
(n) ={ue ™0,1) u® =zt =n t n
f t out n  n z"(1-—z)"u® e ™0,1)},
U = (_1)n+1xn(1 _ x)nu(2n)’ = ( n)
"(0,1)
In order to solve the equation
() (D1 -z)" Y =fe ™0,1),

with € ( ,), we introduce

() = f(z)— (z), =z €]0,1],



where
2n—1

() = x .

The coe cients are determined in such a way that belongs to ™(0,1), i.e. by means
of n conditions

fO0)= @O, j=0,1,.,n-1, =0,1.
Thus, as a consequence of Theorem .1, for all € C, with > 0, there exists a unique
u € (By) such that
(-9) u(@)  (~D)"e"(1—2)"uCV(z) = (z), z€(0,1).

This means that u €  ™(0,1), u(™ € ™ (0,1) and z"(1 — 2)"u® ¢  ™(0,1). ut ( .9)
can be rewritten as

@) D) C)ra@uE) D@ = @), ze0,1),

and, thus, =u — € ™(0,1) solves ( . ). Moreover for c >0,C

su ciently large, we have

n u n — n,
when  ™(0,1) is endowed with the n-norm associated with the inner product
n n—1
12 >> = Vod>e (Yoo Yoo

Notice that, for positive constants C
u n C]_(l )_1 f — n — n
02(1 )_1 f n
in view of the definition of the coe cients in (z) and of the estimates

n 2

f( )(]) C f()22 ’ :Ovla"vn_l, ]:0,1

ince uniqueness easily follows from Theorem .1 too, this concludes the proof.

10



E MAIN RESULTS

In the following we will always assume n € N,n 1. We will extend the results of
the previous section to operators of the type Ap,u = (—1)"tau®™) acting on (0, 1) or
"(0,1). ere we need the ardy’s inequality in the following formulation, which can be

deduced from [9, ection .., emark1l, p. |(seealso[, orollary . ]).
1 2 1
T
(.1) B ) xr  gq ) (z)? .

.772”(1 _ x)Qn

Now we can state two preliminary results.

L ae ™0,1) a(z) >0 (0,1) >0 ax)
(1 —-2z)  [0,1] Cn>0 fe ™0,1)
! fz)? z 2

et us observe that, according to ( .1), one can a rm that

b f@)?

1
A G (M) ()2 5 — 2
mZn(l _ x)Zn z n f ('T) x n f .

Therefore

1 f($) 2 B 1 f(CU) 2 $2n(1 o $)2n

a(r) e x?n(1 — z)2n a(x)

and the assertion follows.

L ae ™0,1) afz) >0 (0,1).
1 l_2n(1 _ $)2n .
) (a(@)? ’
fe 0,1 ue "0,1)  2"(0,1) au® ¢ m(0,1)

u (@) f@) z= ()" u™@)FV (@) o

u®™ (z)u(z) z=(-1)" u™(z)? .

11



et fe ™0,1)andue ™(0,1) 27(0,1) with cu®®™ € ™(0,1). Then let us
consider z, € (0,1) and evaluate
WD) () — n=1)( ) = wu(zn)(t) . T at)u®(t) ;
a(t)

(1l =)™ a(t)u®(t)
a(t) tn(1—t)n

T (1 — ) 12 " (et)? uCm (t) > 12
(a(t))? 2 (1 — 1)

ence, according to the assumption ( . )and emma . ,there exist the limits lim_ un=1(z) €

C. Thus _ _
lim u(zn_l)(:v)f(a:) =0= liD{l u(2"_1)(a:)f(a:).

x x

Integration by parts and similar calculations as in emma . yield that
1 B 1 )
(.5) uC (@) f(@) z= ()" W™ @)f " (2) =,

and the assertion holds.

Now we are in position to show the main results.

T ac ™0,1)
a(z) >0 (0,1)
>0 a(r) (1 —x)*"
1 w2n(1_$)2n T
( ()2 '
A, "(0,1)

(A4,) ={ue ™0,1) u™e ™ (0,1),au® e (0,1},
Apu = (-1D)"Pau®, we (4,)

"(0,1).

We show that the operator (4,, (Ay,)) is nonpositive and selfadjoint in  ™(0, 1).
et €C, >0and ue (Ay). If

() u o (-1)"e(z)ul =fe ™(0,1),
then

we) g enygy = £
() () (1) (z) (D)’ € (0,1).



Multiplying both hands of ( . ) by u(x), integrating between 0 and 1 and applying emma

give
" u(z)? Y om _  f(@)ue)
(.) ) x u™(z)? = Wﬂ?,
where, by emma . , all integrals converge. fter taking real and imaginary partsin ( . )
we obtain ) u(z) ? . ) [ (@)
a@) © " T el ©
d
" bu? @
a(x) T a(r) o
Therefore
L u(z)? V@2 L tu@?
( ) O!(.Z') T U ? n ( Ot(l’) J’.) ( O!(.Z') '7’.) ’
and thus ) ()2
u(z
( a(m) ) Cn f Ty

for a suitable C;, > 0. On the other hand, multiplying ( . ) by (®") and integrating in
(0,1) we have

(.9 wz)a®(z) z (-1 o) u®V(@)? = f2)a®(z) =

Note that from au(®® € ™(0,1) and assumption (ii), we have

) W (2 g (@)@
(2) u® () e
B 1 x2n(1 _ l.)Zn (Oz(:L'))2 u(2n)($) 2
( 10) - Oz(.T) 372”(1 _ 37)2”

1 a(m)u(2”) (35) 2

.73‘2"(1 _ :L-)Zn
(

If we take real and imaginary parts in ( .9) and apply
we obtain

. ), emma . and ( .10), then

( )y u . ofz) u®(z) ? z




Therefore

( a@u®(@)? )7 Cuf -

In addition, by emma . and integration by parts in the right hand integral, we can
rewrite ( .9) as

1 1
u 2. a@)u®(2)? 2= fM@)E™ (@)
ence we deduce the a priori bound

w on Cf 2=C( —A)u =

for some constant C = C(n) > 0. The preceding arguments also show that A,, is symmetric
on "(0,1) too. Indeed integration by parts gives

1
Apu, >, =(-1)" (au(zn))(n)(m)_(")(a:) T

— (a(@)u®(2)) PV (2) «

(.11)

(-1 1u(")(ﬂC)(OF(%))(”)(ﬂv) x

(_1)n+1 u, a—(2n) >n
for all u, € (A;). Thus the expression in ( .11) is symmetric in » and ~ and
Apu, >p= u,Ap, >,.

In particular
1

Apu,u>p=—  az)u®(z)? z 0.
Now, we observe that, for all u, € (A4,)

( —Au, >p=  u™@)™(@) o(z)u® (2)) ()

by ( .11).
et us introduce the space , defined by

n ={ue ™0,1) u®e n (0,1), 10:(3:) u(Q")(ac) 2 g 1,

equipped with the inner product

u, >, = u™@) () =z oz)u® (2)C) () .

n



Then ,, is a ilbert space which coincides with the completion of C' (0,1) with respect
to the norm defined by

1
u? = u™(z)? 2 afz) u®(z) ? .

n

Now, the sesquilinear form

n(ua ) = u, >,
is continuouson , , and coercive, because u 2n = n(u,u). It follows that the operator
E,, associated to ,(, ) (see[ ], Theorems . and . ,pp. - 9)isan isomorphism from

n to its dual ,, and the part F, of E, in ™(0,1) is positive definite and selfadjoint.
ince
(Ep)={ue , Epue ™(0,1)},

the operator E,, is precisely — A,, so that E,, = — A, is onto ™(0,1). Then the
assertion of Theorem . is proved.
C n
() ={ue ™0,1) u® 2zt nt n
f t ut n n ou® e m0,1)},
ntt = (=1)"Tlau(?m) w€ ( n)
"(0,1)

In order to solve the equation
(1) (D" CMW=fe "(0,1),
with € ( ,), we introduce
(@) = f(z)— (2) =e€l0,1],

where
2n—1

() = x .

The coe cients are determined in such a way that belongs to ™(0,1), i.e. by means
of ( n) conditions

fO0= 00, j=0,1,.,n-1, =0,1.

Thus, as a consequence of Theorem . , for all € C, with > 0, there exists a unique
u € (Ay) such that

(.1) u(z) (=D a(@)ul?(z)= (z), ze(0,1).

1



This means that u € ™(0,1), u(™ € ™ (0,1) and cu®» € ™(0,1). ut ( .1 ) can be
rewritten as

wew) - C)ra@ue) D@ = @),z e 0,1),

and, thus, =wu —¢€ ™(0,1) solves ( .1 ). Moreover for Cc >0,C
su ciently large, we have

n u n — n,
when  ™(0,1) is endowed with the n-norm associated with the inner product
n n—1
S Vo8> Voo Yoo
Notice that, for positive constants , =1, ,
1 1
u n Cl(l ) f — n — n

02(1 )_1 f ™y

in view of the definition of the coe cients in (z) and of the estimates

n 3
ARIC)Ie; 2%, =01,.,n-1, j=0,L
ince uniqueness easily follows from Theorem . too, this concludes the proof.
R et = (T(t)) bethesemigroupon ™(0,1)generated by (4,, (4n))

(see Theorem . ). Then consists of positive selfadjoint operators. It consists of
operators in that for f € ™(0,1) and z € (0,1), f(z) 0 for such z implies T'(t)f(z) 0
for all such = and all t > 0 if and only if n = 1.

E Foranyn € N,n 1, one can take a(z) = (z)z/(1—z)’, with j—n 3

and € C™[0,1], (z) > 0in [0,1]. Then all assumptions of Theorem . and orol-
lary .5 are satisfied and the corresponding operator (A4,, (4,)) (resp. ( n, ( n)))
generates an analytic semigroup on "™(0,1) (resp. ™(0,1)).
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