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1 Introduction

In quantum mechanics, the Schrodinger operator, —A + V(z), represents
the energy. The kinetic energy operator, —A, “ scales like A\2”. By this we
mean the following. Let A > 0 and let Uy be the unitary (on L2(RY)) scaling
operator defined by

Usf(@) = X2 f ().

That is, Uy f(z) is f(Az), normalized to have the same norm as f. Then
Uy' = Uy and “A scales like A\?” means

UL AUy = NA. (1.1)

Similarly, if V(z) = |z|~* denotes the operator of multiplication by |z|~¢,
then

U,z 72U = A%|2| 7, (1.2)

so “—= scales like A?” iff o = 2.

So consider the Hamiltonian with the inverse square potential,

~ c
He==2 o

acting on L2(RV). When H, is defined on the domain D = C(RV) (or
D = C®(RN \ {0}) if N = 1,2), then H, is symmetric and H, > 0 iff
¢ < (252)2. This is the best constant in Hardy’s inequality:

((Er ) = Ve|2d [P 4e > 0
C()OJQO - RN SO| X —C RN |$|2 T 2

for all ¢ € D iff ¢ < (852)2. Now let H. be the Friedrichs extension of H,
if ¢ < (£;2)? and any selfadjoint extension otherwise. Since H, is unitarily
equivalent to A2H,. for every A > 0 by (1.1), (1.2), it follows that the spectrum
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of H, is either [0,00) or R, and this holds according as ¢ < (¥52)2 or ¢ >
(X522,

This circle of ideas was the key for answering an old question of H. Brezis
and J.-L. Lions. They assumed that V' € L (RV \ {0}) was a positive
potential with a singularity at the origin, and asked if the singularity could

be so strong as to prevent a positive solution to

Ou N
a:Au-}-V(az)u, zeRY, t>0 (1.3)
from existing. This was settled by P. Baras and J. Goldstein [3] in 1984. They
considered

%Lt" = Aup + Vi(x)uy (1.4)
un(z,0) = f(2),
where f > 0 and

Va(a) = {C/W if |z > 1/n

Clen?  if x| <1/n.

Then V,,(z) = n?V;(nx) scales nicely. If f is not too big
(eg., f € U1<p<oo(LP(]RN))), then the unique positive solution V,, to (1.4)
exists on RY x [0, 00). Moreover, u,(z,t) increases in n for each z € RN and
t > 0. For ¢ < (852)2, u,(z,t) increases to u(z,t), where u is the unique
positive solution for 2% = Au + el u(z,0) = f(x).

Let us assume f € L2(RY) for convenience. Then u(z,t) = e~ f(z) since
H, > 0. But u will be exist in many other cases as well, even when f is a
measure [3]. But for ¢ > (¥52)2, then

lim wu,(x,t) = 00
n—ro0
for all z € RY and all t > 0. This is “ instantaneous blow up” [3].

There were various ** extensions ** of [3], for example, by replacing R"
by the Heisenberg group HY [12], by replacing A by %(aij (m)%), a
uniformly elliptic operator with L coefficients [13], allowing potentials with
large negative values [14], etc. But now we want to explain a significant
contribution by X. Cabré and Y. Martel [4]. The idea is to determine exactly
which condition on V' prevents a positive solution of (1.3) from existing. The
above result with the inverse square potential settled this when V is singular
at only one point. Consider the Rayleigh quotient

_ Jo IVoPPdr — [V (x)¢*d
B fQ P3dx )

for real ¢ € D = C®(Q\ K) where @ C RV is open and K is a closed
Lebesgue null subset of Q. If Q # RN then, roughly speaking, the following

R
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Cauchy-Dirichlet problem for V(z) > 0,

%—’;:Au+V(x)u, z€eNt>0,
u(z,0) = f(z) z e
u(z,t) =0 z €0Nt>0

has no positive solution if

Qo :=inf{R4: ¢ € D\ {0}} = —c0.
More precisely, there are lots of positive solutions if Q¢ > —o0, and none exist

if
€ [ |Vo|Pda
Jo |0)2dz

for some € > 0. Thus the nonexistence set of V' is “open” as was the case for the
inverse square potential, when it was ((£52)?,00) for V of the V(z) = ¢/|z|?
with ¢ varying. The work of [4] provided the background for extensions to
nonlinear problems involving a general potential V' (z) > 0. Several papers
were then devoted to nonexistence of positive solutions for nonlinear parabolic
equations, see for example [1], [2], [6], [8], [9], [10], [11], [15], [16], [17].

We want to explain the ideas of our recent paper [8]. This we do in Section
2. This discussion leads to the detailed calculations in Section 3. These
calculations form the heart of this paper. Section 4 ** concludes the paper
with various ** remarks.

inf{R4 + :¢pe D\ {0}} = -0

2 Nonexistence for nonlinear problems

Let Q be a smooth bounded domain in RY . Nonexistence of positive solu-
tions was studied in [8] for the two problems

& = div(|z[~>Vu™) + V(z)u™ in Qx(0,T),

u(z,t) =0 on 90 x (0,T), (2.1)
u(z,0) =uo(z) >0 in Q,
and
8u = div(|z| P|VulP2Vu) + V(z)upt in 2 x(0,T),
u(z,t) =0 on 00 x (0,7T), (2.2)

u(z,0) = ug(x) >0 in Q.

When m = 1,p = 2,7 = 0 and V(x) = ¢/|z|?, both of these problems reduce
to the heat equation with inverse square potential. Let v = 0 and V = 0.
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Then (2.1) and (2.2) reduce respectively to the porous medium equation (or
filtration equation, or fast diffusion equation) and the p-Laplace heat equation.
When v # 0 these are “ weighted” equations with singularity at the origin.

Theorem 2.1 ety € R, N >3, 822 <m 1, andV() L.\ )
where  is a closed ebes ue null subset of Q if v > & 2, we re uire that
0e . e ne

Jole+ |z|727)|Vo|Pde — [, V( |¢|2d:c
Jo |87dz

RG =
If
inf{R3:0#¢ € CX(Q\ )} =-

for some € > 0, then the problem 2. has no positive solution. hen N =2
resp. N = 1, the condition on m should be replaced b % <m 1 resp.
0 m 1.

Theorem 2.2 ety €R N>2,veR, 25 <p 2,V(z) €L} (2\ )
where  is a closed ebes ue null subset of Q, and de ne

Jole+1z[7P")|Ve|Pdx — [, V( |¢|”dw
fQ |p|Pdz

P __
Ry =

If
inf{R2:0#¢ € CX(R\ )} = —oo

for some € > 0, then the problem 2.2 has no positive solution. If N =1
then the same conclusion holds provided p is assumed to be satisf 1 p 2.

We conjecture that these results are valid for a wide choice of m and p,
but the proof [8] only works for restricted values. The concrete examples
associated with these theorems are as follows.

Theorem 2. In Theorem 2. , assume that 0 € Q and V(z) = mE = ond

’y > % Then 2. has no positive solutions provided ¢ > C (N,vy) =
( ZZ’Y 2)2.

Theorem 2. In Theorem 2.2, assume that 0 € Q and V(z) = o and
1

v > —5. Then 2.2 has no positive solutions provided ¢ > C (N,v,p) =
A==z

Note that C' (N,v) = C (N,7,2). In the above two theorems, V (z) can be
replaced by
~ c
- |x|p P + |x|p P

sin(|z|~¢)

for any a > 0 and any real provided ¢ > C (N,~,p) with p = 2 for Theorem

2.3 and ]3—N1 p < 2 for Theorem 2.4.
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The key tool necessary for these results is the weighted version of Hardy’s
inequality due to Caffarelli, ohn, and Nirenberg [5]. Here is a complete
version valid for all p, N and .

Theorem 2. eta€R1 p oo. Then

[Vu(z)|? N-a, [ [u@)]
/R dz > | » | /RN dx (2.3)

S ||

forallue P(RN \ {0}) for which the ri ht  hand side is nite . The

loc
constant
N —«

p

is the best possible in the sense that the ine walit can fail to hold if C(N,a, p)
is replaced b an ¢ > C(N,a,p).

C(N,a,p) = |

|I’

The proof is by scaling. See [8] for details.

In [8], we sketched very brie y how to show that Theorem 2.3 and 2.4 follows
from Theorems 2.1 and 2.2. In the next section we give a detailed proof of
Theorem 2.3. The proof of Theorem 2.4 ** is similar ** and is omitted.

etailed proof of eorem 2.

Let € > 0 be given. Define the radial function ** ¢y € C.(Q) Loo()
** by ** ¢o(z) = ¢( ) where = |z| and the radial function ¢ is given by **

€~ if 0< <e
- if e< <1
= - 3.1
o( ) o i 1< <2 (3.1)
it >2

where 0 € 1and a> 0. Then

0 if 0< € and >2
p()=48-a — 1 if e 1 (3.2)
-1 if 1 2.

We are assuming that 0 € @ RN and N > 3. Without loss of generality,
we suppose  (0,2) = {z € RN : |z| < 2} C Q if not, we simply redefine ¢,
replacing 2 by R, where (0, R) C Q. This only results in notational changes
in the proof that follows. Thus we have ¢ € C.(Q) Loo(Q).
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We want to show that, for some ¢g > 0,

Joleo + |2 72| VelPdz — [, 22da
0 ¢ .0 Jo |olPdz

whenever ¢ > C (N,v) = (N_#'Z)2 We compute each integral in (3.3).

First,
2
2d — 2 N-1
LW|x NAWU| d

where  is the (Lebesgue) surface measure of the (N-1 dimensional) unit
sphere in RV . Continuing, with ¢ as in (3.1),

L [opar=([ + [+ [ YwOr ~a
=2 /0 N-1qg +/1 N=2 14 +/12(2— )2 N-ig

= - (3.3)

Therefore
5 6N—2 CN_2
/Q|¢| dz = " - 5 + Ki(a, N) (3.4)
where
1 9N 2_4 9N _4 9N _q
Ky(a.N) = _
o, N) =g+ —x N+1 T N_2
If0 a N/2,then
[ ok = Kif@, M1+ () (3.5)
Q

ase— 0 ,and Ky(a,N)>0. If a > N/2 then
2 2a N-2

as e — 0 . Thus far we assumed a > 0, a # N/2.
Next, we treat the case of —% v :

2
_ 2 N—-2v—
/IP”M_A¢ T

_N-2 —2y 2( 2a )
(N—-2y-2)(2a+2y+2-N)
+K2(Naaa7)

(3.7)
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where
1 4(2N-27=2 _1 4(2N-2v—1 1
Ks(a,N,v) = + ( ) _ X )
N —2a—-2y—-2 N—-2vy-2 N-2y-1
2N 2y -1
+ N — 2y
this is all valid when —% 5 ¥ and
N—-2y-2
a> + (3.8)
which we assume. Thus
2 N—-2 —2y—2
= 1 1 3.9
/|a:|2 2 N(N—27—2)(2a+2’y+2—N)( + 1) (39)
as € —
Next,
L[ alvorar =l [ /} 7 N
. (3.10)
1 1
(2a+2—N+ 2 )1+ (1)
ase— 0 ifa 2&52 otherwise,
1 5 eoaZelV—2 2
_ =—7"°/1 1 A1
— [alViPar= o0+ @) @
ase— 0 ,ifa> ¥ Recall N > 3. ur assumptions on a are a > 0,
a> N_22_27, a# N/2,a# 852
Moreover,

1 2
1 / —2'y|v¢|2dx — Cl2/ N—-2 —2vy— d +/ N—2’y—1d
N Je ! (3.12)

eN—2 —2v—2

_ 2
- 2+2a+27—N)(1+ (1))
ase— 0 by (3.8).
Let
€0 + |2|72)|Ve|2dz — [, 2L dz
R:f(o |z|=*7)] |2 Jo 7] (3.13)
Jo 142dz

First consider the case of v > 0. Then using (3.5), (3.6), (3.10), (3.11),

o N2 “27"2(ci(e) + ey + ¢ )(1 + )
co(€)
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where
co(e) = Ki(a,N) if 0 a N/2, (3.14)
2a N—2

= 3.15
CO(G) (2& . N)Ne ( )
if a > N/2,and 0 ci(e) = egKoe or eoKie 2, according as a 252 or
a> ¥ here Ky = ﬁ+2N2—_1, K, = ﬁ, 1=24+2a+2y—-N >0,

9 = 2’)’. )

Next, by (312) and (39), Cy = 32 27N c = N72"/72_22 CZ’y 5N
(recally  &=2). For 0 v &2 we conclude that ¢1(e) + co +¢ 0 for
small € > 0 if ¢ > (W)2 and s —c,i.e,

2c
N—-2y-2
So by choosing
N —-2-—2y 2c
2 ¢ N_2-24
(which is possible since ¢ > (2-2-27)2) wededuce R = c;(e)+co+c  —e;

0 for small € > 0. We also require a # N/2,a # % In R (see (3.13)), the

numerator is < —e;e’¥ "2 ~2772_ and the denominator cq(e) is given by either

(3.14) or (3.15). Since N—2a—2y—2 OQand N—2a—2y—2 N —2a

(since v > 0), it follows that lim _,o R = —oo. This completes the proof for

the case of 0 <y &2, (We assumed vy > 0, but the proof works for v = 0.)
For v > X=2 we modify ¢ by defining to be

- if < <
{e if 0< <e (3.16)

o( ) if  >e

the choice of will be made later. Then **defines a function (still denoted
by )*in C.(Q\ {z: |z| = €}) Loo()) provided > 0. (In (3.1), ¢ was

the choice of corresponding to =0.) s before we want to show that
lim R=-o0
—0

(see (3.3) and (3.13)), for suitable choices of @ and , if ¢ > (N—722"7;2)2 We
next compute R, using rather than ¢.

First,
1 1 o _ _ _
- | |2d.Z’=— ¢2d$+ (6 2 2 2 N 1—62 N l)d
N Jo N Jq 0
N-2 eN-2
= K N .
e TE@N)+ 5%
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Therefore

1 9, _ JKi(a,N)(1+ (1)) or
A 'dx_{f@em 1+ (1) 10

ase— 0 ,accordingasa N/2ora> N/2 (cf. (3.5), (3.7)), where

Ko — 2a 42
>7 (2a=N)(2 +N)
Next,
1 2 1 2
—/ 55 dr =— 2¢2 dz
N Jo v N Jo v
2 -2 2-2y N— _ -2 -2y N-
+/0 (e € )d (3.18)
1 1
_ N2 —2y—2
€ Gari2 Nt N2 2
+K2(G,N,’Y)
by (3.7) provided
2 2—-N
L)

which we assume. Consequently > 0 and

1 $> 2a+ )eN—2 212
N d = 1+ (1) (3.19
N Jo |z|? 2y 4% (2a — N +2y+2)(2 +N—2’Y—2)( + (1)) (3.19)
as € — ,sincea>02%_
Next,
! 2 1 2 -2 -2 22 N-
— [ €|V Pde=— [ €|V|?dr+ | € d
N Ja ~N Jo o
€0a2€N—2 -2 €o 2,N-2 -2 (3-20)

- 2+2a—N(1+ )+ TN_2

K 0

=0t 2%-_N T3 iN_2"

recall > 0 and assume a > =2 > 1.
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Next,
1 -2 2 1 —2 2 -2 -2 22 N-— —2
— | |z|7|V |fde = — [ |z|*"|Vel|*dx + | € d
N Jq N JQ 0
a2eV-2 —27-2 2,N-2 —2y-2
= 1+ )N+—m————
2+2a+2’y—N( + ))+2 —2y+N-=-2
(by(3.9))
c eN-2 —27-2
= 1 1
Gar2i2-NE —2-2 7m0t M)
(3.21)
ase— 0 , where
c =a*(2 =2y+N—-2)+ %(2+42a+2y - N). (3.22)
Let

2
Joleo + |21V PPdz — [, Goleda
Jol 1Pdz
By (3.17)-(3.22), we conclude that

R =

R =22 =072 f¢ (e )1+ (1)

Co
ase — 0 , where
co = Ki(a,N) (as before),
. = —c(2a+2)
- (2a+N—-2y-2)(2 + N -2y-2)’
a2 2 \
— R
c@=eoGizantaaN_2° "
¢

(2a+2+2y—-N)(2 —2-2y+N)’
and ¢ is given by (3.22). To reach the desired conclusion that lim __,; R =
—00, it is enough to show that

¢c +c(e)+ec <—1 0

for some ; > 0. But v > 0 implies ¢ (¢) — 0ase — 0 for every ¢g > 0.
So it suffices to show ¢ +¢ 0. But this is equivalent to

c(2a+2)>c,

that is 22 — 2y +N—2)+ 2(2a+2y+2—N
0> TE =W FN=D+ Qat2y+2-N) (3.23)
2a+ 2
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Choose =1(2y—N+2+ ;) and a= 5 for small > 0. Then all of the
construction on a and are fulfilled, and (3.23) reduces to

s 12(2N+4+4+ )+ %2 +2y+2-N)

2y -N+2+2
=+ (7
as — O . Then for small >0,
2y —N +2
c> (%)2, (3.24)

as desired. In other words, where ¢ is chosen to satisfy (3.24), then (3.23)
holds for small > 0.
With (3.24) holding, it follows that

lim R = —o0,
—0

and the proof is complete.

oncludin Remar s

The condition that v > —1 in Theorems 2.3 and 2.4 seems to be natural.
We conjecture that it can be removed but this **perhaps requires** suitable
extensions of Theorems 2.1 and 2.2. We are studying this problem.

We have concentrated on the nonexistence aspect. For more related exis-
tence results see the paper [6] **by** Dall’ glio, Giachetti and Peral.
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