CONVER GENCE OF MUL TIPLE ERGODIC AVERA GES FOR SOME
COMMUTING TRANSF ORMA TIONS
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Abstra ct. We prove the L? corvergencefor the linear multiple ergodic averagesof

is ergadic for i 6 j. The limiting behavior of such averagesis cortrolled by a particular
factor, which is an inverselimit of nilsystems. As a corollary we show that the limiting
behavior of linear multiple ergodic averagess the samefor commuting transformations.

1. Intr oduction

We considerthe multiple ergadic averages

1 X!
1) N T f2(Tx) o (1)
n=0
where Ty; T,; i ::; T) are comnmuting measurepreserving transformations of a probabil-

studied by Fursterberg [F77]in his proof of Szemeedi's Theorem, and for generalcom-
muting transformations by Fursterberg and Katznelson [FK79] in their proof of the
multidimensional Szemeedi Theorem. The corvergencein L?( ) for the rst casewas
proved in [HKO3].

With certain hypotheseson the transformations, cornvergencefor three comnuting
transformationswas proven by Zhang[Zh96]. Under the samehypotheseswe generalize
this corvergenceresult for | comnuting transformations:

the averages
1 X4

N f1(Tx) foT)x) ::: £ (T"%)
n=0

convegein L?2( )asN ! +1 .
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In order to prove corvergence,we shav that in the average(l) we can replaceeadh
function by its conditional expectation on a certain factor and that this factor is an
inverselimit of translations on a nilmanifold. Howewer, this doesnot hold for general
commnuting transformations. In Section 3 we shav that certain ergadic assumptions
on the dierences T;T, 1 sudh asthe oneswe imposein Theorem 1.1, are necessary
for the characteristic factor to be an inverselimit of transformations on a nilmanifold.
The generalcasefor comnuting transformations remains open and only is known for
| = 2 [CL84]. Convergencefor certain distal systemswas obtained in [Ls93].

Usingthe madinery dewelopedfor the proof of Theorem1.1and aresult of Ziegler[Zi03],
in Section4 we prove an idertit y illustrating that for ergadic commuting transformations
the limiting behavior of the correspnding linear multiple ergadic averagesis the same:

Theorem 1.2. Supmsethat T and S are commutinginvertible measure preservingtrans-
formations of a prokability space (X;X; ) andthat both T and S are ergadic. Then for

all integersl 1andanyfq;:::;f; 2L ( ) wehave:

(2) lim ix 1f (T") @2 Fi(T"%) = lim iw 1f (S"x) ::: f(S"x)
NLON ! v NTON ! e

in L2( ).

We summarizethe strategy of the proof of Theorem1.1. The factorsthat cortrol the
limiting behavior of the averages(1) are the sameasthosethat arisein the proof of the
convergenceof multiple ergadic averagesalong arithmetic progressionsn [HK03]. These
factors are de ned by certain seminormsand the starting point for the convergenceof
the averageq1) is that commnuting ergadic systemshave the sameassaiated seminorms
(Proposition 3.1). We usethis obsenation in Proposition 3.2to bound the limsup of the
L2-norm of the averagesby the seminormsof the individual functions. The structure
theorem of [HKO3] then implies that it su ces to chedk convergencewhen ewery trans-
formation T; is isomorphicto an inverselimit of translations on a nilmanifold. The main
technical dicult y is to prove that this isomorphismcan be taken to be simultaneous
and that the factor sub- -algebrasthat appearin the inverselimits can be chosento be
the samefor all transformations T; (Theorems4.1 and 4.2).

sumethat all functions in this article are real valued. With minor modi cations, the
samede nitions and results hold for complexvalued functions.

2. Seminorms and factors Zy

Assumethat (X; ; T) is an ergadic system;we summarizea construction and some
results from [HKO3].
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For an integerk 0, we write X ¥ = X2 and T : X 1 XX for the map
T T ::: T,taken2* times. Welet V, = f0; 1g¢ and write elemens of V, without
commasor parertheses.Elemerts of X Kl arewritten x = (x : 2 V).

We de ne a probability measure X on X X, that is invariant under T, by induction.
Set = Fork 0,letlk bethe -algebraof Tk-invariant subsetsof X kI, Then

k+1] js the relatively independen squareof [ over | kI. This meansthat if F% F ®are
boundedfunctions on X I then

Z Z
(3) FOXOF X% d B+ (x%x% .= E(Fj 1 Y E(FO5 1 Kyd M-
X [k+1] X [k]
For a boundedfunction f on X andintegerk 1 we de ne
Z zv 1
(4) if i = f(x)d M) ;
[k]

X5

and we note that tﬁe integral on the right hand side is nonnegative. We immediately

havethat jjfj. =) f d j. It isshovnin [HKO3] that for ewvery integerk 1,j jik isa
seminormon L () and usingthe Ergodic Theoremit is easyto ched that

b( 1
...... 2k+1 _ . l n ...2k B
(5) Wi = lim oo 0f T g
n=0
Furthermore, it is shovn in [HKO3] that for ewvery integerk 1 the seminormsde ne
factors Zy 1(X) in the following manner: the T-invariant sub- -algebra Z, 1(X) is
characterizedby

(6) forf 2 L (); E(fjZx 1) = Oif and only if jjf jix = 0;

then Z, (X)) is de ned to be the factor of X asseiated to the sub- -algebraz, 1(X).
Thusde ned, Zy(X) is the trivial factor, Z,(X) is the Kroneder factor and more gener-
ally, Z,(X) is a compactabelian group extensionof Z, 1(X). We denotethe restriction
of to Zx(X) by «.

Dene G= G(X;T) to be the group of measurepreservingtransformations S of X
which satisfy for every integerk  1: the transformation S of X I leavesthe measure

kI invariant and acts trivially on the invariant -algebral &I,

In our cortext, there is more than onetransformation acting on the spaceand sowe
needsomenotation to identify the transformation with respect to which the seminorm
is de ned. We write jj jjk.t for the k-th seminorm with respectto the map T. Similarly
we write Z,(X;T) for the k-th factor asseiated to T, Qq for the measurede ned by
(3), and | M(T) for the Tk-invariant subsetsof X X1
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3. Chara cteristic  factors for commuting transf ormations

In this sectionwe show that under the assumptionsof Theorem 1.1, the sub- -algebra
Z, 1 is characteristic for L?( )-corvergenceof the above averages.Beforeproving this we
give an exampleshawing that this doesnot hold for generalcommnuting transformations.

Example. Considerthe measurepreservingtransformationsT; = R S;, T,= R S,,
acting on the measurespace(X =Y Z;Y Z; ) and supposethat T; and T,
commute. Taking | = 2, f1(y;z) = f(y), and f,(y;z) = f(y) we seethat the limit of
the averagesin (1) is zeroif and only if f is zeroalmost everywhere. It follows that any
sub- -algebrathat is characteristic for L?( )-corvergenceof theseaveragescortains Y.
Soif Y 6 Z4(Y;R), meaningthat if (Y; ; R) is not a Kronedker systemfor ergadic R,
then Z,(X;T;) is not a characteristic factor. More generally if there exists a function
that is T, T, ! invariant but not Z,(X; T;)-measurable,for i = 1;2, the sameargumert
givesthat Z,(X;T;) is not a characteristic factor for i = 1; 2.

We turn now to the proof of the main result of the section. The most important
ingrediert of the proof is the next obsenation. This result, as well as Proposition 3.2,
were also obtained independerly by I. Assani(personalcomnunication).

Prop osition 3.1. Assumethat T and S are commuting measure preservingtransfor-
mations of a prokability space (X;X; ) and that both T and S are ergadic. Then
S 2 GX;T), &X;T) = (X;S), and for all integers k landall f 2 Lt (),

Proof. By Lemma 5.5 in [HKO3], S 2 G(X;T). We useinduction on k to showv that
= Mand 1 ®(T) = 1 K(S). The statemert is obvious for k = 0. Supposethat

it holds for someintegerk 1. By Equation (3), we have that Q”l] = 2“1]. Since

S 2 G(X;T), we have that S*1I leavesthe measure ¥ = ¥ invariant and acts
trivially on | ¥ Hence,l &*1(T) | k*1(S). Rewersingthe rolesof T and S, we have
that | &+ (T) = | k*1(S). This completesthe induction.

By the de nition of G(X;T) and Equations (4) and (6), the equalities G(X;T) =

Prop osition 3.2. Let | 1 be an integer. Assumethat Ty;T,;:::; T, are commuting
invertible ergadic measure preserving transformations of a prokability space (X;X; )
suchthat TiT, Lis ergadic for all i;j 2 f1;2;:::;lgwithi 6 j.
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X 1

limsup — f1(T'x) f2(T)x) ::: i (T"X) “min jifiiji ;
Nt +1 N - L2 )  i=1;2;
wheee the seminormis takenwith resgct to any T;, i 2 f1;2;:::; Q.

(i) The sub- -algebm Z, ; is a characteristic factor for convegene of the averages
(1).

Proof. Note that by Proposition 3.1, we cantake theseseminormsand the sub- -algebras
Z, with respect to any of the mapsT; with i 2 f1;2;:::;1g, sincethey are all the same.

Part (ii) follows immediately from part (i) and the de nition of the sub- -algebra
Z, 1. We prove the inequality of part (i) by induction. For | = 1, this follows from the
ergadic theorem.

Assumethe statemen holds for | 1 functions and that f;f,;:::;f; 2 L () with
kf ka lforj = 1;2;:::;1. First assumethat i 2 2;3;:::;1g. (The casei = 1is
similar, with the rolesof T; and T, reversed.) Let

up = Fo(T'X) FoTx) @i Fi(T"X) :

For corveniencewe usethe notation T"f (x) = f (T"x). By the Van der Corput Lemma
(seeBergelson[B87]),

1 X1t 2 1 X1 1 X1
(7) limsup — Un lim sup— lim sup N PUn+m; Unl

N1 N L2() M 11 N1

n=0 m=0

A simple computation givesthat

1 X1 1 X1
= MUpsm Uni = (TLT HMTofL) oo (TiT, HN(T ™) :
N N L2( )
n=0 n=0
Forj = 2,3;:::;1, dene § = T;T, 1 The maps S;;Ss;:::;S commnute, since the
maps Ty; T,;:::; T do, and they also commute with Ty;:::;T,. Furthermore fori 6 j,

the transformation S;S; 1= TiT, 1'is ergadic by assumption. Hence, we can use the
inductive assumptionand (5) to bound the right hand sidein (7) by
. 1 ’X 1... . 1 ’X l... 2I 1 1:2| ! )
limsup- BETTfil s limsup o BHTOTET 4 = ifiity

m=0 m=0

wherethe last equality follows from (5) and Proposition 3.1.

4. Str ucture of the chara cteristic  factor and the proof of
conver gence

We have shawvn that under the assumptionsof Theorem 1.1, a characteristic factor for
L2( )-corvergenceof the averages(l) is Z, ;. The structure theorem of [HKO3] gives
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that fori = 1;:::;I the system(Z, 1; | 1;T;) isisomorphicto aninverselimit of (I 1)-
step nilsystems. But this isomorphismapriori dependson the transformation T;, and the
sub- -algebrasthat appearin the inverselimits depend on the transformations. In this
and the following section we extend se\eral results from [HKO3] and usethem to deal
with thesetechnical di culties.

isomorphicto (Y; ;S;;:::;9) if there exist setsX® X, YO Y of full measurethat
are invariant under all the transformations on their respective spaces,and a measur-
able bijection : X°! YOcarrying to that satises (Ti(x)) = Si( (x)) for every
x 2 X%andalli = 1;:::;1. When is not assumedto be injective, then we say that

measurablecocycles 4;:::; |: Y ! V andameasurepreservingbijection : X ! Y V
(we let my, denotethe Haar measureon V), satisfying:
(i) presenesY, meaningthat XY V)= 1(Y) up to setsof measurezero,where

Y V=fA V:A2Yg and

of toral systemsof order k.
The next result extendsTheorem 10.3from [HKO3] to the caseof seweral commuting
transformations and we postponethe proof until Section5.
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To descrile the characteristic factors, we brie y review the de nition of a nilsystem.
Given a group G, we denote the comnutator of g;h 2 G by [g;h] = g *h igh. If
A;B G, then|[A,; B]isde ned to bethe subgroupgeneratedby the setof comnutators
fla; : a2 A;b2 Bg. SetG® = G and for integersk 1, we inductively de ne
Gk = [G;GW]. A group G is said to be k-step nilpotent if its (k + 1) commnutator
[G;GW] is trivial. If G is a k-step nilpotent Lie group and is a discrete cocompact
subgroup, then the compact spaceX = G= is said to be a k-step nilmanifold. The
group G acts on G= by left translation and the translation by a xed elemen a2 G
isgivenby To(g) = (ag). There existsa unique probability measuremg= on X that
is invariant under the action of G by left translations (called the Haar measure). Fixing

and call eatch map T, a nilrotation.
The next result extendsthe structure theorem of [HKO3] (Theorem 10.5) to the case
of seeral ergadic commuting transformations:

G that is spannedby the connectedcomponert of the identity and the transformations
Ty;::0; Ty, At the end of the proof of Theorem 10.5in [HKO3], it is shovn that there
exist a discrete cocompact subgroup of G and a measurablebijection :G= ! X
that carriesthe Haar measuremg- to , sud that for all S 2 G the transformation

1S of G= isthe left translation on G= by S. Since doesnot dependonS 2 G,

isomorphicto an (I 1)-stepnilsystem. Usingan appraximation argumert, we canassume
that X = G=, = mg= , and the transformations T; are given by nilrotations T, on
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then by [Lb03] the average

corvergeseverywherein (G=) ' asN ! 1 for f cortinuous. Using the corvergenceon
the diagonaland a standard appraximation argumern the result follows.

We alsonow have the toolsto prove Theorem1.2:

Proof of Theorem 1.2. The L?( ) cornvergencefor theseaverageswas proved in [HKO3].
From Proposition 3.1we havethat Z, (X;T) = Z, 1(X;S), and by Proposition 3.2 this
commonfactor is characteristic for L 2-corvergenceof the averagesin (2). Hence,we can
assumethat X = Z; ;. Then by Theorem4.1,the system(X; ; T;S) is an inverselimit
of toral systems(X;; i;T;S) oforder|l 1. It followsby Theorem4.2that (X;; i;T;S)
is isomorphicto an (I  1)-step nilsystem. Using an approximation argumert, we can
assumeX = G=, = mg= , and the transformations T and S are given by ergadic
nilrotations Tg; Ty on G=.

In [Zi03], Ziegler givesa formula for the limit of the averagesin (2) when the trans-
formations are nilrotations. Using this idertity it is clear that the limit is the samefor
all ergadic nilrotations on G=. Sinceboth T, and T, are ergadic, the result follows.

5. Proof of Theorem 4.1

The proof of Theorem 4.1 is carried out in three steps, as in [HKO3] for a single
transformation. We give all the statemeris of the neededmodi cations, but only include
the proof when it is not a simple rephrasingof the correspnding proof in [HKO03]. We

cocycle that de nes the extensionis measurablewith respect to someZ.;. Finally, we
combine the rst two stepsto completethe proof by induction. To prove Lemmas5.1
and 5.2, we make use of the analogousresults in [HK03] for a single transformation,
extending them to se\eral transformations. The argumen givenin Step 3 is similar to
the oneusedin [HK03] and we include it asit ties together the previouslemmas.

Step 1. We extend Theorem 9:5 from [HKO3].

akelian group.
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Proof. Using the analogousresult for a single transformation in [HKO3] (part (i) of
Theorem 9:5), we get that there exist a connectedcompact abelian group V, a cocycle

1. Z¢ ! 'V, ameasurepreservingbijection : Zyx ! Zx V that presenesZy sud
that To( (X)) = (TXy;v)) fory 2 Z, v 2 V, and a measurepreservingtransformation
S;:V ! V sud that

TAY;v) = (Su(y)iv+ 1Y) :

Fori= 2;:::;1,dene T°= IT; . Sinceboth and T; presene Z,, we have that T?
hasthe form

TAY:V) = (Si(y); Qi(y; V) ;
for somemeasurabletransformation Q; : Zy V! V fori = 2;:::;l. By Corollary 5:10
in [HKO3] all mapsR,:Zx V! Zy! V dened by Ry(y;v) = (y;v+ u) belongto
the certer of G(TH). By Proposition 3.1, T°2 G(T9 and so T.° comnutes with R, for all

u 2 V. This canonly happenif Q; hasthe form Q;(y;v) = v+ ;(y) for somemeasurable
i Y ! V. This completesthe proof.

isacompactabeliangroupand ;: X | U arecocycles,thenthe cocycle~= ( 1;:::; 1)
is called an I-cocycle if

@;=@;; forall i;j 2f1:::;1g:

f: X! Uandg 2 Usuhthat ;= ¢+ @f foralli= 1;:::;l. Two |-cocyclesare
cohomolagousif their di erence is an I-coboundary.

For clarity of exposition, we include a few more de nitions from [HKO3]. Let (X; ; T)
be a measurepreservingsystemand let U be a compact abelian group. We say that
the cocycle : X ! U is ergalic with respect to the system(X; ; T) if the extension
X U my;T ), whereT : X U! X Uisgivenby T (x;u) = (Tx;u+ (X)),

For anintegerk 1and 2 Vi, writejj= 1+ :::+ ands()=( 1)i. Foreadh
k 1,wedenethemap ¥ :Xk1 U by

X
“)= 0 s() (x):

2V
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We sgy that the cocycle : X ! U is of type k with respect to the system(X; ; T) if
the cocycle * : XK1 U is acoboundary of the system (X KI: [k];T[k]) An |-cocycle
~ X I U'is said to be of type k with respect to the system(X; ; Tq;:::;T)) if ead
coordinate cocycleis of type k.

Let (Y;Y; ) be a probability space,let V be a compact abelian group with Haar
measuremy and let X = Y V. The action fR, : v 2 Vg of measurepreserving
transformationsR,: X | X dened by R,(y;u) = (y;u+ v) is called an action on X
by vertical rotations over Y.

Let (X;X; ) be a probability space,let V be a connectedcompact abelian group
andlet fS, : v 2 Vg be an action of V on X by measurepreservingtransformations
S/: X! X. The action S, is said to be free if there exists a probability space(Y;Y; )
andanactionR,:Y V! Y V by vertical rotations over Y sud that the actions
fS,:v2 VgandfR, :v 2 Vgareisomorphic. This meansthat there existsa measurable
bijection :Y V! X, mapping my to and satisfying (Ry(y;u)) = Sy( (y;u))
forally2 Y andall u;v2 V.

Lemma 5.2. Let|l 1 beanintegerandlet Ty;:::; T, be commuting ergalic measure
preservingtransformations of a prokability space (X;X; ). LetfS, :v 2 Vg be a free
action of a compact alkelian groupV on X that commuteswith T; for i = 1;:::;1. LetU
be a nite dimensionaltorus andlet ~= ( 1;:::; |): X ! U' beanl- cocycleof type k
for someintegerk 2. Then there existsa closel sulgroup V°of V suchthat V=V°is a
compact akelian Lie group, and there existsan I-cocycle °= ( %;:::; 9, cohomol@ous
to , suchthat ° S, = ?for everyv2 V°

Proof. As before,we de ne the operators @by @f)=f T, f fori= 1;:::;] and
dene@(f)=f S, f forv2 V. Usingthe analogousesult for asmgletransformation
in [HKO3] (Corollary 9.7), we get that for i = 1;:::;1 there exist closedsubgroupsV; of
V sud that V=V is a compactabelian Lie group, and nﬁeasurablef X 1 U sud that

i= i+ @ satises@ ; = Oforallv2 V. If W= l\/i, then V=W is a compact
abelian Lie group and all the previousrelations hold for v 2 W. We take V°to be the
connectedcomponert of the idertity elemem in W. Fori = 1;:::;1 let 9= ; + @f.
SinceV=W is a compactabelian Lie group and W=V°is nite, we have that V=Vlis also
a compactabelian Lie group. It su ces to shaw that for v 2 V%we have @ ¢ = 0 for all
=210

Since@ ; = @ ; andthe operators @ comnute, it followsthat @ °= @ 2. Moreover,
sinceS, comnutes with all the T;, the operators @ and @ comrmute. It follows that

@@= @@ = @@31=@@ =0
for v 2 V° wherethe last equality holds sinceby assumption @ 9= 0forv2 V° Since

@@ ° = 0 and T, is ergadic, we have that fori = 1;:::; o and v 2 VOthere exists a
constarn ¢,; 2 U sucd that @ °= c,;. It followsthat for xed i themapc,: V! Uis
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@ ;= Oforallv2V® Hence,c,; = @ °= @y for all v2 V° whereg = @(f; f;).
The spectrum of T; is courtable and sothe last relation implies that c,; can only take
on courtably many valuesfor v 2 V% Soc,: V°! U is a measurablehomomorphism
and takeson courtably many values. SinceVis connected,it follows that c,; = 0 for
i=2L:::;landv2 VO

Using the previousLemma, the proof of the next result is identical to that of Lemma
10:4 in [HKO3] and sowe do not reproduceit.

Lemma 5.3. Let | 1 be an integer, let Ty;:::; T, be commuting ergadic measure
preservingtransformationsof a prolability space (X;X; ), let U be a nite dimensional
torus, andlet ~ X ! U' be an ergdlic I-cocycle of type k and measurablewith resgect to
Zy for someintegerk 1. Assumethat the system(X; ; Ty;:::;T)) is an inverse limit

0. X 1 U', whichis measurablewith respct to X; for somei.

Step 3. We completethe proof of Theorem4.1 by using induction on k. If k= 1 we
can assumethat (X; ; T,) is an ergadic rotation on a compactabelian group V. Since
T; commutes with T, for i = 1;:::1, it follows that eat T; is also a rotation on V. A
compactabelian group is a Lie group if and only if its dual is nitely generated.Hence,
every compact abelian group is an inverselimit of compact abelian Lie groupsand the
result follows.

Supposethat the result holds for someintegerk 1. Assumethat (X; ; Tq;:::;T))

canassumethat X = Z, -V where~= ( 1;:::; |): Z¢! V!'isthe I-cocyclede ning
the extension. The cocycle ~ is an ergadic I-cocycle since every system (X; ; T;) is.
Moreover, since(X; ; T;) and (Zx; «;T;) are systemsof order k + 1, by Corollary 7.7
in [HKO3] the cocycle ; is of typek + 1 fori = 1;:::1. Hence,~is an |-cocycle of type
k+ 1.

SinceV is a connectedcompact abelian group it can be written as an inverselimit
of nite dimensionaltori V;. Let ~:Zy ! \/j| be the projection of ~on the quotient

exist an integer ij, and an I-cocycle ~: Y ! \/j| cohomologouso ~ and measurable
with respect to Zy;;,. Without lossof generality, we can assumethat the sequence
is increasing. Let X; = Zy V. Then the system(X;; ;;Ty;:::;T)) is isomorphicto
the toral systemZy;; - V;. Since(X; ; Ty1;:::;T) is aninverselimit of the sequence
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