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Abstra ct. We prove the L 2 convergencefor the linear multiple ergodic averagesof
commuting transformations T1; : : : ; Tl , assumingthat each map Ti and each pair Ti T � 1

j

is ergodic for i 6= j . The limiting behavior of such averagesis controlled by a particular
factor, which is an inverselimit of nilsystems. As a corollary we show that the limiting
behavior of linear multiple ergodic averagesis the samefor commuting transformations.

1. Intr oduction

We considerthe multiple ergodic averages

(1)
1
N

N � 1X

n=0

f 1(Tn
1 x) � f 2(Tn

2 x) � : : : � f l (Tn
l x) ;

where T1; T2; : : : ; Tl are commuting measurepreserving transformations of a probabil-
it y space(X ; X ; � ). Such averages,with T1 = T; T2 = T2; : : : ; Tl = T l , were originally
studied by Furstenberg [F77] in his proof of Szemer�edi's Theorem,and for generalcom-
muting transformations by Furstenberg and Katznelson [FK79] in their proof of the
multidimensional Szemer�edi Theorem. The convergencein L 2(� ) for the �rst casewas
proved in [HK03].

With certain hypotheseson the transformations, convergencefor three commuting
transformationswasproven by Zhang[Zh96]. Under the samehypotheses,we generalize
this convergenceresult for l commuting transformations:

Theorem 1.1. Let l � 1 be an integer. Assume that T1; T2; : : : ; Tl are commuting
invertible ergodic measure preservingtransformations of a measure space (X ; X ; � ) so
that Ti T � 1

j is ergodic for all i; j 2 f 1; 2; : : : ; lg with i 6= j . Then if f 1; f 2; : : : ; f l 2 L1 (� )
the averages

1
N

N � 1X

n=0

f 1(Tn
1 x) � f 2(Tn

2 x) � : : : � f l (Tn
l x)

converge in L 2(� ) as N ! + 1 .
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In order to prove convergence,we show that in the average(1) we can replaceeach
function by its conditional expectation on a certain factor and that this factor is an
inverselimit of translations on a nilmanifold. However, this does not hold for general
commuting transformations. In Section 3 we show that certain ergodic assumptions
on the di�erences Ti T � 1

j , such as the oneswe impose in Theorem 1.1, are necessary
for the characteristic factor to be an inverselimit of transformations on a nilmanifold.
The generalcasefor commuting transformations remains open and only is known for
l = 2 [CL84]. Convergencefor certain distal systemswas obtained in [Ls93].

Usingthe machinery developedfor the proof of Theorem1.1anda result of Ziegler[Zi03],
in Section4 we prove an identit y illustrating that for ergodic commuting transformations
the limiting behavior of the corresponding linear multiple ergodic averagesis the same:

Theorem 1.2. Supposethat T and S are commuting invertible measure preservingtrans-
formations of a probability space (X ; X ; � ) and that both T and S are ergodic. Then for
all integers l � 1 and any f 1; : : : ; f l 2 L1 (� ) we have:

(2) lim
N !1

1
N

N � 1X

n=0

f 1(Tnx) � : : : � f l (T lnx) = lim
N !1

1
N

N � 1X

n=0

f 1(Snx) � : : : � f l (Slnx)

in L2(� ).

We summarizethe strategy of the proof of Theorem1.1. The factors that control the
limiting behavior of the averages(1) are the sameas thosethat arise in the proof of the
convergenceof multiple ergodic averagesalongarithmetic progressionsin [HK03]. These
factors are de�ned by certain seminormsand the starting point for the convergenceof
the averages(1) is that commuting ergodic systemshave the sameassociated seminorms
(Proposition 3.1). We usethis observation in Proposition 3.2 to bound the limsup of the
L2-norm of the averagesby the seminormsof the individual functions. The structure
theorem of [HK03] then implies that it su�ces to check convergencewhen every trans-
formation Ti is isomorphicto an inverselimit of translations on a nilmanifold. The main
technical di�cult y is to prove that this isomorphismcan be taken to be simultaneous
and that the factor sub-� -algebrasthat appear in the inverselimits can be chosento be
the samefor all transformations Ti (Theorems4.1 and 4.2).

Notation. For l commuting maps T1; : : : ; Tl , we use the shorthand (X ; �; T1; : : : ; Tl ),
omitting the � -algebra,to denotethe measurepreservingsystemobtained by the maps
T1; : : : ; Tl acting on a �xed measurespace(X ; X ; � ). For simplicity of notation, we as-
sume that all functions in this article are real valued. With minor modi�cations, the
samede�nitions and results hold for complexvalued functions.

2. Seminorms and f actors Zk

Assumethat (X ; �; T) is an ergodic system; we summarizea construction and some
results from [HK03].
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For an integer k � 0, we write X [k] = X 2k
and T [k] : X [k] ! X [k] for the map

T � T � : : : � T, taken 2k times. We let Vk = f 0; 1gk and write elements of Vk without
commasor parentheses.Elements of X [k] are written x = (x � : � 2 Vk).

We de�ne a probability measure� [k] on X [k], that is invariant under T [k], by induction.
Set � [0] = � . For k � 0, let I [k] be the � -algebraof T [k]-invariant subsetsof X [k]. Then
� [k+1] is the relatively independent squareof � [k] over I [k]. This meansthat if F 0; F 00are
boundedfunctions on X [k] then

(3)
Z

X [k +1]
F 0(x0)F 00(x00) d� [k+1] (x0; x00) :=

Z

X [k ]
E(F 0 j I [k]) E(F 00j I [k]) d� [k] :

For a boundedfunction f on X and integer k � 1 we de�ne

(4) jjjf jjj2
k

k =
Z

X [k ]

2k � 1Y

j =0

f (x j ) d� [k](x) ;

and we note that the integral on the right hand side is nonnegative. We immediately
have that jjjf jjj1 = j

R
f d� j. It is shown in [HK03] that for every integer k � 1, jjj � jjjk is a

seminormon L1 (� ) and using the Ergodic Theoremit is easyto check that

(5) jjjf jjj2
k +1

k+1 = lim
N ! + 1

1
N

N � 1X

n=0

jjjf � Tn f jjj2
k

k :

Furthermore, it is shown in [HK03] that for every integer k � 1 the seminormsde�ne
factors Zk� 1(X ) in the following manner: the T-invariant sub-� -algebra Z k� 1(X ) is
characterizedby

(6) for f 2 L1 (� ); E(f jZ k� 1) = 0 if and only if jjjf jjjk = 0 ;

then Zk� 1(X ) is de�ned to be the factor of X associated to the sub-� -algebraZ k� 1(X ).
Thus de�ned, Z0(X ) is the trivial factor, Z1(X ) is the Kronecker factor and more gener-
ally, Zk(X ) is a compactabelian group extensionof Zk� 1(X ). We denotethe restriction
of � to Z k(X ) by � k .

De�ne G = G(X ; T) to be the group of measurepreservingtransformations S of X
which satisfy for every integer k � 1: the transformation S[k] of X [k] leavesthe measure
� [k] invariant and acts trivially on the invariant � -algebraI [k].

In our context, there is more than one transformation acting on the spaceand so we
needsomenotation to identify the transformation with respect to which the seminorm
is de�ned. We write jjj � jjjk;T for the k-th seminorm with respect to the map T. Similarly
we write Zk(X ; T) for the k-th factor associated to T, � [k]

T for the measurede�ned by
(3), and I [k](T) for the T [k]-invariant subsetsof X [k].
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3. Chara cteristic f actors f or commuting transf orma tions

Let T1; T2; : : : ; Tl be commuting invertible measurepreserving transformations of a
probability space(X ; X ; � ). We say that a sub-� -algebra C of X is a characteristic
factor for L 2(� )-convergence of the averages(1) if C is Ti invariant for i = 1; : : : ; l , and
the averages(1) convergein L 2(� ) to zerowhenever E(f i jC) = 0 for somei 2 f 1; : : : ; lg.
In this sectionwe show that under the assumptionsof Theorem 1.1, the sub-� -algebra
Z l � 1 is characteristic for L 2(� )-convergenceof the aboveaverages.Beforeproving this we
give an exampleshowing that this doesnot hold for generalcommuting transformations.

Example. Considerthe measurepreservingtransformations T1 = R � S1, T2 = R � S2,
acting on the measurespace(X = Y � Z; Y � Z ; � � � ) and supposethat T1 and T2

commute. Taking l = 2, f 1(y; z) = f (y), and f 2(y; z) = f (y) we seethat the limit of
the averagesin (1) is zeroif and only if f is zeroalmost everywhere. It follows that any
sub-� -algebrathat is characteristic for L 2(� )-convergenceof theseaveragescontains Y.
So if Y 6� Z 1(Y; R), meaningthat if (Y; �; R) is not a Kronecker systemfor ergodic R,
then Z 1(X ; T1) is not a characteristic factor. More generally, if there exists a function
that is T1T � 1

2 invariant but not Z 1(X ; Ti )-measurable,for i = 1; 2, the sameargument
givesthat Z 1(X ; Ti ) is not a characteristic factor for i = 1; 2.

We turn now to the proof of the main result of the section. The most important
ingredient of the proof is the next observation. This result, as well as Proposition 3.2,
were alsoobtained independently by I. Assani (personalcommunication).

Prop osition 3.1. Assumethat T and S are commuting measure preservingtransfor-
mations of a probability space (X ; X ; � ) and that both T and S are ergodic. Then
S 2 G(X ; T), G(X ; T) = G(X ; S), and for all integers k � 1 and all f 2 L 1 (� ),
� [k]

T = � [k]
S , I [k](T) = I [k](S), jjjf jjjk;T = jjjf jjjk;S, and Zk(X ; T) = Zk(X ; S).

Proof. By Lemma 5:5 in [HK03], S 2 G(X ; T). We use induction on k to show that
� [k]

T = � [k]
S and I [k](T) = I [k](S). The statement is obvious for k = 0. Supposethat

it holds for someinteger k � 1. By Equation (3), we have that � [k+1]
T = � [k+1]

S . Since
S 2 G(X ; T), we have that S[k+1] leaves the measure� [k+1]

T = � [k+1]
S invariant and acts

trivially on I [k+1]
T . Hence,I [k+1] (T) � I [k+1] (S). Reversingthe rolesof T and S, we have

that I [k+1] (T) = I [k+1] (S). This completesthe induction.
By the de�nition of G(X ; T) and Equations (4) and (6), the equalities G(X ; T) =

G(X ; S), jjjf jjjk;T = jjjf jjjk;S and Zk(X ; T) = Zk(X ; S) follow. �

Prop osition 3.2. Let l � 1 be an integer. Assumethat T1; T2; : : : ; Tl are commuting
invertible ergodic measure preserving transformations of a probability space (X ; X ; � )
suchthat Ti T � 1

j is ergodic for all i; j 2 f 1; 2; : : : ; lg with i 6= j .
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(i) If f 1; f 2; : : : ; f l 2 L1 (� ), then

lim sup
N ! + 1








1
N

N � 1X

n=0

f 1(Tn
1 x) � f 2(Tn

2 x) � : : : � f l (Tn
l x)








L 2(� )
� min

i =1 ;2;:::;l
jjjf i jjj l ;

where the seminorm is taken with respect to any Ti , i 2 f 1; 2; : : : ; lg.
(ii) The sub-� -algebra Z l � 1 is a characteristic factor for convergence of the averages

(1).

Proof. Note that by Proposition 3.1,wecantake theseseminormsand the sub-� -algebras
Z l with respect to any of the mapsTi with i 2 f 1; 2; : : : ; lg, sincethey are all the same.

Part (ii ) follows immediately from part (i ) and the de�nition of the sub-� -algebra
Z l � 1. We prove the inequality of part (i ) by induction. For l = 1, this follows from the
ergodic theorem.

Assumethe statement holds for l � 1 functions and that f 1; f 2; : : : ; f l 2 L1 (� ) with
kf j k1 � 1 for j = 1; 2; : : : ; l . First assumethat i 2 f 2; 3; : : : ; lg. (The casei = 1 is
similar, with the rolesof T1 and T2 reversed.) Let

un = f 1(Tn
1 x) � f 2(Tn

2 x) � : : : � f l (Tn
l x) :

For conveniencewe usethe notation T n f (x) = f (Tnx). By the Van der Corput Lemma
(seeBergelson[B87]),

(7) lim sup
N !1








1
N

N � 1X

n=0

un








2

L 2 (� )
� lim sup

M !1

1
M

M � 1X

m=0

lim sup
N !1

�
�
�

1
N

N � 1X

n=0

hun+ m ; un i
�
�
� :

A simple computation givesthat

1
N

N � 1X

n=0

hun+ m ; un i �







1
N

N � 1X

n=0

(T2T � 1
1 )n (Tm

2 f 2f 2) � : : : � (TlT � 1
1 )n (Tm

l f l f l )







L 2(� )
:

For j = 2; 3; : : : ; l , de�ne Sj = Tj T � 1
1 . The maps S2; S3; : : : ; Sl commute, since the

maps T1; T2; : : : ; Tl do, and they also commute with T1; : : : ; Tl . Furthermore for i 6= j ,
the transformation Si S� 1

j = Ti T � 1
j is ergodic by assumption. Hence,we can use the

inductive assumptionand (5) to bound the right hand side in (7) by

lim sup
M !1

1
M

M � 1X

m=0

jjjf i Tm
i f i jjj l � 1;Si � lim sup

M !1

� 1
M

M � 1X

m=0

jjjf i Tm
i f i jjj2

l � 1

l � 1;Si

� 1=2l � 1

= jjjf i jjj2l ;Ti
;

wherethe last equality follows from (5) and Proposition 3.1. �

4. Str ucture of the chara cteristic f actor and the pr oof of
conver gence

We have shown that under the assumptionsof Theorem1.1, a characteristic factor for
L2(� )-convergenceof the averages(1) is Z l � 1. The structure theorem of [HK03] gives
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that for i = 1; : : : ; l the system(Z l � 1; � l � 1; Ti ) is isomorphicto an inverselimit of (l � 1)-
stepnilsystems.But this isomorphismapriori dependson the transformation Ti , and the
sub-� -algebrasthat appear in the inverselimits depend on the transformations. In this
and the following section we extend several results from [HK03] and use them to deal
with thesetechnical di�culties.

Throughout this section,T1; : : : ; Tl are commuting, ergodic, measurepreservingtrans-
formations of a probability space(X ; X ; � ). If S1; : : : ; Sl are measurepreservingtrans-
formations of a probability space(Y; Y; � ), we say that the system (X ; �; T1; : : : ; Tl ) is
isomorphic to (Y; � ; S1; : : : ; Sl ) if there exist setsX 0 � X , Y 0 � Y of full measurethat
are invariant under all the transformations on their respective spaces,and a measur-
able bijection � : X 0 ! Y 0 carrying � to � that satis�es � (Ti (x)) = Si (� (x)) for every
x 2 X 0 and all i = 1; : : : ; l . When � is not assumedto be injective, then we say that
(Y; � ; S1; : : : ; Sl ) is a factor of (X ; �; T1; : : : ; Tl ). For simplicity of notation we assume
that X = X 0 and Y = Y 0.

We say that the system(X ; �; T1; : : : ; Tl ) is an extensionof its factor (Y; � ; S1; : : : ; Sl )
(let � : X ! Y denote the factor map) by a compact abelian group (V; +) if there exist
measurablecocycles� 1; : : : ; � l : Y ! V anda measurepreservingbijection � : X ! Y � V
(we let mV denotethe Haar measureon V), satisfying:
(i ) � preservesY, meaningthat � � 1(Y � V) = � � 1(Y) up to setsof measurezero,where
Y � V = f A � V : A 2 Yg, and
(ii ) � (Ti (x)) = T0

i (� (x)) for all x 2 X , y 2 Y, v 2 V and i 2 f 1; : : : ; lg, where

T0
i (y; v) = (Si (y); v + � i (y)) :

Setting ~� = (� 1; : : : ; � l ), we let Y � ~� V denotethe system(Y � V; � � mV ; T0
1; : : : ; T0

l ).
We say that the system (X ; �; T1; : : : ; Tl ) has order k if X = Zk(X ). (Note that

Zk(X ) = Zk(X ; Ti ) does not depend on i by Proposition 3.1.) It has toral Kronecker
factor if (Z1; � 1; T1; : : : ; Tl ) is isomorphic to a system(V; mV ; R1; : : : ; Rl ), whereV is a
compactabelian Lie group, mV is the Haar measure,and Ri , for i = 1; : : : ; l , is a rotation
on V. Finally, it is toral if it is of order k for someinteger k � 1, it has toral Kronecker
factor, and for j = 1; : : : ; k � 1, the system (Z j +1 ; � j +1 ; T1; : : : ; Tl ) is an extension of
(Z j ; � j ; T1; : : : ; Tl ) by a �nite dimensionaltorus.

We say that the system(X ; �; T1; : : : ; Tl ) is an inverse limit of a sequenceof factors
f (X j ; � j ; T1; : : : ; Tl )gj 2 N, if fX j gj 2 N is an increasingsequenceof sub-� -algebrasinvariant
under the transformations T1; : : : ; Tl , and such that

W
j 2 N X j = X up to setsof measure

zero. If in addition for every j 2 N the factor system(X j ; � j ; T1; : : : ; Tl ) is isomorphicto
a toral systemof order k, we say that (X ; �; T1; : : : ; Tl ) is an inverse limit of a sequence
of toral systemsof order k.

The next result extendsTheorem 10.3 from [HK03] to the caseof several commuting
transformations and we postpone the proof until Section5.
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Theorem 4.1. Any system(X ; �; T1; : : : ; Tl ) of order k is an inverselimit of a sequence
f (X i ; � i ; T1; : : : ; Tl )gi 2 N of toral systemsof order k.

To describe the characteristic factors, we brie
y review the de�nition of a nilsystem.
Given a group G, we denote the commutator of g; h 2 G by [g; h] = g� 1h� 1gh. If
A; B � G, then [A; B ] is de�ned to be the subgroupgeneratedby the setof commutators
f [a;b] : a 2 A; b 2 Bg. Set G(1) = G and for integers k � 1, we inductively de�ne
G(k+1) = [G; G(k) ]. A group G is said to be k-step nilpotent if its (k + 1) commutator
[G; G(k) ] is trivial. If G is a k-step nilpotent Lie group and � is a discrete cocompact
subgroup, then the compact spaceX = G=� is said to be a k-step nilmanifold. The
group G acts on G=� by left translation and the translation by a �xed element a 2 G
is given by Ta(g�) = (ag)�. There exists a unique probability measuremG=� on X that
is invariant under the action of G by left translations (called the Haar measure). Fixing
elements a1; : : : ; al 2 G, we call the system(G=� ; mG=� ; Ta1 ; : : : ; Tal ) a k-step nilsystem
and call each map Ta a nilrotation.

The next result extendsthe structure theorem of [HK03] (Theorem 10.5) to the case
of several ergodic commuting transformations:

Theorem 4.2. Let l � 1 be an integer and let (X ; �; T1; : : : ; Tl ) be a toral systemof order
k. Then there exist a k-stepnilpotent Lie group G, a discrete and cocompact subgroup �
of G, and commuting elementsa1; : : : ; al of G, suchthat the system(X ; �; T1; : : : ; Tl ) is
isomorphic to the k-step nilsystem(G=� ; mG=� ; Ta1 ; : : : ; Tal ).

Proof. Let G = G(X ; T1). By the structure theorem in [HK03] the group G is k-step
nilpotent, and by Proposition 3.1 we have that T1; : : : ; Tl 2 G. Let G be the subgroupof
G that is spannedby the connectedcomponent of the identit y and the transformations
T1; : : : ; Tl . At the end of the proof of Theorem 10.5 in [HK03], it is shown that there
exist a discrete cocompact subgroup � of G and a measurablebijection � : G=� ! X
that carries the Haar measuremG=� to � , such that for all S 2 G the transformation
� � 1S� of G=� is the left translation on G=� by S. Since� doesnot depend on S 2 G,
and T1; : : : ; Tl 2 G, the proof is complete.

�

We now combine the previousresults to prove Theorem1.1:

Proof of Theorem 1.1. If E(f i jZ l � 1) = 0 for somei 2 f 1; : : : ; lg, then jjjf i jjj l = 0 and by
Proposition 3.2 the limit of the averages(1) is zero. Hence,we can assumethat X =
Z l � 1. By Theorem 4.1, the system(X ; �; T1; : : : ; Tl ) is an inverselimit of toral systems
(X i ; � i ; T1; : : : ; Tl ) of order l � 1. It follows from Theorem 4.2 that (X i ; � i ; T1; : : : ; Tl ) is
isomorphicto an (l � 1)-stepnilsystem. Usingan approximation argument, wecanassume
that X = G=�, � = mG=� , and the transformations Ti are given by nilrotations Tai on
G=� whereai are commuting elements of G for i = 1; : : : ; l . If a = (a1; : : : ; al ) 2 (G=�) l ,
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then by [Lb03] the average

lim
N !1

1
N

N � 1X

n=0

Tn
a f

convergeseverywherein (G=�) l as N ! 1 for f continuous. Using the convergenceon
the diagonaland a standard approximation argument the result follows. �

We alsonow have the tools to prove Theorem1.2:

Proof of Theorem 1.2. The L 2(� ) convergencefor theseaverageswas proved in [HK03].
From Proposition 3.1 we have that Z l � 1(X ; T) = Z l � 1(X ; S), and by Proposition 3.2 this
commonfactor is characteristic for L 2-convergenceof the averagesin (2). Hence,we can
assumethat X = Z l � 1. Then by Theorem4.1, the system(X ; �; T; S) is an inverselimit
of toral systems(X i ; � i ; T; S) of order l � 1. It follows by Theorem4.2 that (X i ; � i ; T; S)
is isomorphic to an (l � 1)-step nilsystem. Using an approximation argument, we can
assumeX = G=�, � = mG=� , and the transformations T and S are given by ergodic
nilrotations Ta; Tb on G=�.

In [Zi03], Ziegler givesa formula for the limit of the averagesin (2) when the trans-
formations are nilrotations. Using this identit y it is clear that the limit is the samefor
all ergodic nilrotations on G=�. Sinceboth Ta and Tb are ergodic, the result follows. �

5. Pr oof of Theorem 4.1

The proof of Theorem 4.1 is carried out in three steps, as in [HK03] for a single
transformation. We give all the statements of the neededmodi�cations, but only include
the proof when it is not a simple rephrasingof the corresponding proof in [HK03]. We
summarizethe argument. Supposethat the system(X ; �; T1; : : : ; Tl ) is of order k + 1,
meaning that X = Zk+1 . First we prove that the system (Zk+1 ; � k+1 ; T1; : : : ; Tl ) is a
connectedcompact abelian group extensionof (Zk ; � k ; T1; : : : ; Tl ). Next we show that
if (Zk ; � k ; T1; : : : ; Tl ) is an inverselimit of systemsf (Zk;i ; � k;i ; T1; : : : ; Tl )gi 2 N, then the
cocycle that de�nes the extensionis measurablewith respect to someZ k;i . Finally, we
combine the �rst two stepsto complete the proof by induction. To prove Lemmas5.1
and 5.2, we make use of the analogousresults in [HK03] for a single transformation,
extending them to several transformations. The argument given in Step 3 is similar to
the oneusedin [HK03] and we include it as it ties together the previous lemmas.

Step 1. We extend Theorem9:5 from [HK03].

Lemma 5.1. Let k; l � 1 be integers and let T1; : : : ; Tl be commuting ergodic measure
preservingtransformationsof a probability space (X ; X ; � ). Then the system(Zk+1 ; � k+1 ;
T1; : : : ; Tl ) is an extension of the system (Zk ; � k ; T1; : : : ; Tl ) by a connected compact
abelian group.
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Proof. Using the analogousresult for a single transformation in [HK03] (part (ii ) of
Theorem 9:5), we get that there exist a connectedcompact abelian group V, a cocycle
� 1 : Zk ! V , a measurepreservingbijection � : Zk+1 ! Zk � V that preserves Zk such
that T1(� (x)) = � (T0

1(y; v)) for y 2 Zk , v 2 V, and a measurepreservingtransformation
S1 : V ! V such that

T0
1(y; v) = (S1(y); v + � 1(y)) :

For i = 2; : : : ; l , de�ne T0
i = � � 1Ti � . Sinceboth � and Ti preserve Zk , we have that T0

i

has the form

T0
i (y; v) = (Si (y); Qi (y; v)) ;

for somemeasurabletransformation Qi : Zk � V ! V for i = 2; : : : ; l . By Corollary 5:10
in [HK03] all maps Ru : Zk � V ! Zk ! V de�ned by Ru(y; v) = (y; v + u) belong to
the center of G(T0

1). By Proposition 3.1, T0
i 2 G(T0

1) and soT0
i commutes with Ru for all

u 2 V. This canonly happen if Qi hasthe form Qi (y; v) = v+ � i (y) for somemeasurable
� i : Y ! V. This completesthe proof. �

Step 2. For i = 1; : : : ; l de�ne the coboundary operator @i by @i (f ) = f � Ti � f . If U
is a compactabelian group and � i : X ! U arecocycles,then the cocycle ~� = (� 1; : : : ; � l )
is called an l-cocycle if

@i � j = @j � i ; for all i; j 2 f 1; : : : ; lg :

This is equivalent to saying that the maps S1; : : : ; Sl de�ned on X � U by Si (x; u) =
(Ti x; u + � i (x)) commute.

If U is a compactabelian group and � 1; : : : ; � l : X ! U are cocycles,then the cocycle
~� = (� 1; : : : ; � l ) is an l-coboundary for the system (X ; �; T1; : : : ; Tl ) if there exists a
measurablefunction f : X ! U such that � i = @i f for i = 1; : : : ; l . Furthermore, ~� is
saidto bean l-quasi coboundaryfor (X ; �; T1; : : : ; Tl ) if thereexistsa measurablefunction
f : X ! U and ci 2 U such that � i = ci + @i f for all i = 1; : : : ; l . Two l-cocyclesare
cohomologousif their di�erence is an l-coboundary.

For clarity of exposition, we include a few morede�nitions from [HK03]. Let (X ; �; T)
be a measurepreservingsystem and let U be a compact abelian group. We say that
the cocycle � : X ! U is ergodic with respect to the system(X ; �; T) if the extension
(X � U; � � mU ; T� ), whereT� : X � U ! X � U is given by T� (x; u) = (Tx; u + � (x)),
and mU is the Haar measureon U, is ergodic. An l-cocycle ~� = (� 1; : : : ; � l ) is ergodic
with respect to the system(X ; �; T1; : : : ; Tl ) if � i is ergodic with respect to (X ; �; Ti ) for
i = 1; : : : ; l .

For an integer k � 1 and � 2 Vk , write j� j = � 1 + : : : + � k and s(� ) = (� 1)j � j. For each
k � 1, we de�ne the map � k � : X [k] ! U by

� k � (x) =
X

� 2 Vk

s(� )� (x � ) :
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We say that the cocycle � : X ! U is of type k with respect to the system(X ; �; T) if
the cocycle � k � : X [k] ! U is a coboundary of the system(X [k]; � [k]; T [k]). An l-cocycle
~� : X ! Ul is said to be of type k with respect to the system(X ; �; T1; : : : ; Tl ) if each
coordinate cocycle is of type k.

Let (Y; Y; � ) be a probability space,let V be a compact abelian group with Haar
measuremV and let X = Y � V. The action f Rv : v 2 Vg of measurepreserving
transformations Rv : X ! X de�ned by Rv(y; u) = (y; u + v) is called an action on X
by vertical rotations over Y.

Let (X ; X ; � ) be a probability space,let V be a connectedcompact abelian group
and let f Sv : v 2 Vg be an action of V on X by measurepreservingtransformations
Sv : X ! X . The action Sv is said to be free if there exists a probability space(Y; Y; � )
and an action Rv : Y � V ! Y � V by vertical rotations over Y such that the actions
f Sv : v 2 Vg and f Rv : v 2 Vg areisomorphic. This meansthat thereexistsa measurable
bijection � : Y � V ! X , mapping � � mV to � and satisfying � (Rv(y; u)) = Sv(� (y; u))
for all y 2 Y and all u; v 2 V.

Lemma 5.2. Let l � 1 be an integer and let T1; : : : ; Tl be commuting ergodic measure
preservingtransformations of a probability space (X ; X ; � ). Let f Sv : v 2 Vg be a free
action of a compact abelian group V on X that commuteswith Ti for i = 1; : : : ; l . Let U
be a �nite dimensional torus and let ~� = (� 1; : : : ; � l ) : X ! Ul be an l-cocycle of type k
for someinteger k � 2. Then there existsa closed subgroup V 0 of V suchthat V=V0 is a
compact abelian Lie group, and there existsan l-cocycle � 0 = (� 0

1; : : : ; � 0
l ), cohomologous

to � , suchthat � 0
i � Sv = � 0

i for everyv 2 V 0.

Proof. As before, we de�ne the operators @i by @i (f ) = f � Ti � f for i = 1; : : : ; l and
de�ne @v(f ) = f � Sv � f for v 2 V. Usingthe analogousresult for a singletransformation
in [HK03] (Corollary 9.7), we get that for i = 1; : : : ; l there exist closedsubgroupsVi of
V such that V=Vi is a compactabelian Lie group, and measurablef i : X ! U such that
�� i = � i + @i f i satis�es @v �� i = 0 for all v 2 Vi . If W =

T k
i=1 Vi , then V=W is a compact

abelian Lie group and all the previous relations hold for v 2 W. We take V 0 to be the
connectedcomponent of the identit y element in W. For i = 1; : : : ; l let � 0

i = � i + @i f 1.
SinceV=W is a compactabelian Lie group and W=V0 is �nite, we have that V=V0 is also
a compactabelian Lie group. It su�ces to show that for v 2 V 0 we have @v � 0

i = 0 for all
i = 1; : : : ; l .

Since@1� i = @i � 1 and the operators@i commute, it follows that @1� 0
i = @i � 0

1. Moreover,
sinceSv commutes with all the Ti , the operators @v and @i commute. It follows that

@1@v � 0
i = @v@1� 0

i = @v@i � 0
1 = @i @v � 0

1 = 0

for v 2 V 0, wherethe last equality holdssinceby assumption,@v � 0
1 = 0 for v 2 V 0. Since

@1@v � 0
i = 0 and T1 is ergodic, we have that for i = 1; : : : ; l and v 2 V 0 there exists a

constant cv;i 2 U such that @v � 0
i = cv;i . It follows that for �xed i the map cv;i : V 0 ! U is
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a measurablehomomorphism.Moreover, for i = 1; : : : ; l we have � 0
i = �� i + @i (f 1 � f i ), and

@v �� i = 0 for all v 2 V 0. Hence,cv;i = @v � 0
i = @i gi for all v 2 V 0, wheregi = @v(f 1 � f i ).

The spectrum of Ti is countable and so the last relation implies that cv;i can only take
on countably many valuesfor v 2 V 0. So cv;i : V 0 ! U is a measurablehomomorphism
and takeson countably many values. SinceV 0 is connected,it follows that cv;i = 0 for
i = 1; : : : ; l and v 2 V 0. �

Using the previousLemma, the proof of the next result is identical to that of Lemma
10:4 in [HK03] and so we do not reproduceit.

Lemma 5.3. Let l � 1 be an integer, let T1; : : : ; Tl be commuting ergodic measure
preservingtransformationsof a probability space (X ; X ; � ), let U be a �nite dimensional
torus, and let ~� : X ! U l be an ergodic l-cocycleof type k and measurablewith respect to
Z k for someinteger k � 1. Assumethat the system(X ; �; T1; : : : ; Tl ) is an inverse limit
of the sequence of systemsf (X i ; � i ; T1; : : : ; Tl )gi 2 N. Then ~� is cohomologousto a cocycle
~� 0: X ! Ul , which is measurablewith respect to X i for somei .

Step 3. We completethe proof of Theorem4.1 by using induction on k. If k = 1 we
can assumethat (X ; �; T1) is an ergodic rotation on a compact abelian group V. Since
Ti commutes with T1 for i = 1; : : : l , it follows that each Ti is also a rotation on V. A
compactabelian group is a Lie group if and only if its dual is �nitely generated.Hence,
every compact abelian group is an inverselimit of compact abelian Lie groupsand the
result follows.

Supposethat the result holds for someinteger k � 1. Assumethat (X ; �; T1; : : : ; Tl )
is a systemof order k + 1. By Lemma 5.1, we get that the system(X ; �; T1; : : : ; Tl ) is
an extensionof (Zk ; � k ; T1; : : : ; Tl ) by a connectedcompact abelian group V. Thus we
can assumethat X = Zk � ~� V where ~� = (� 1; : : : ; � l ) : Zk ! V l is the l-cocyclede�ning
the extension. The cocycle ~� is an ergodic l-cocycle since every system (X ; �; Ti ) is.
Moreover, since(X ; �; Ti ) and (Zk ; � k ; Ti ) are systemsof order k + 1, by Corollary 7.7
in [HK03] the cocycle � i is of type k + 1 for i = 1; : : : l . Hence,~� is an l-cocycle of type
k + 1.

SinceV is a connectedcompact abelian group it can be written as an inverselimit
of �nite dimensional tori Vj . Let ~� j : Zk ! V l

j be the projection of ~� on the quotient
Vj of V . By the inductive hypothesis, (Zk ; � k ; T1; : : : ; Tl ) can be written as an inverse
limit of toral systems(Zk;i ; � k;i ; T1; : : : ; Tl ). By Lemma 5.3, for every integer j there
exist an integer i j , and an l-cocycle ~� 0

i : Y ! V l
j cohomologousto ~� i and measurable

with respect to Z k;i j . Without loss of generality, we can assumethat the sequencei j

is increasing. Let X j = Zk � Vj . Then the system(X j ; � j ; T1; : : : ; Tl ) is isomorphic to
the toral systemZk;i j � ~� 0

j
Vj . Since(X ; �; T1; : : : ; Tl ) is an inverselimit of the sequence

f (X j ; � j ; T1; : : : ; Tl )gj 2 N, the proof is complete.
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