ERGODIC AVERA GES FOR INDEPENDENT POL YNOMIALS AND
APPLICA TIONS

NIK OS FRANTZIKINAKIS AND BRYNA KRA

Abstra ct. Szemeedi's Theorem statesthat a set of integerswith positive upper den-
sity contains arbitrarily long arithmetic progressions.Bergelsonand Leibman general-
ized this, showing that sets of integerswith positive upper density contain arbitrarily

long polynomial con gurations; Szemeedi's Theorem correspondsto the linear caseof
the polynomial theorem. We focus on the casefarthest from the linear case,that of
rationally independent polynomials. We derive results in ergadic theory and in com-
binatorics for rationally independent polynomials, shaving that their behavior diers

sharply from the generalsituation.

1. Intr oduction and resul ts in er godic theor y

1.1. Background. The celebratedtheoremof Szemeedi [12] statesthat a subsetof the
integerswith positive upper density* cortains arbitrarily long arithmetic progressions.
Fursterberg [4] drew the deepconnectionbetween conbinatorial questionsand ergadic
theory, shaving that Szemeedi's Theoremfollows from an ergadic theorem, now known
asthe multiple recurrencetheorem.

A natural questionis to nd other con gurations that must occur in subsetsof the
integers with positive upper density. Fursterberg [5] and Sarkezy [11] independerily
proved that if N has positive upper density and p(n) is an integer polynomial,
meaningit takesintegervalueson the integers,and if p(0) = 0, then there exist x;y 2
sudh that x y = p(n) for somen 2 N. Bergelsonand Leibman establisheda far reating
generalizationof this result. They shoved that if N has positive upper density and

sud that
(1) d \( +p(m)\  \V( +p(n) >0:

As with Fursterberg's proof of Szemeedi's Theorem, the Polynomial Szemeedi The-
orem follows from an ergadic theorem:
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i N we de ne the upper density d() = limsupy,; j \ [L;N]j=N.
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Polynomial Szemeredi Theorem (Bergelsonand Leibman [2]). Let (X;X; ; T) be

an invertible measure preservingsystemand let p,, ..., px be integer polynomials with
pi(0)=0fori=1;:::;k. If A2 X with (A)> 0, then
1 X!
2) |iNn|11ian A\ TPMAN 2\ TWA > 0
’ n=0

Szemeedi's Theorem (and the ergadic theoretic proof by Furstenberg) correspndsto
the casethat all the polynomials are linear. We focus on the opposite caseof rationally
independent integer polynomials, meaninga set of integer polynomials sud that every
nontrivial integer combination of the polynomials is not constart. In somesense this
caseis typical, sincea genericfamily of integer polynomials is rationally independen.
A particular exampleis any set of polynomialswith pairwise distinct degrees.We prove
seeral results, someergadic and someconbinatorial, for families of rationally indepen-
dert integer polynomials, focusing on the di erence between this caseand that of a
family of linear integer polynomials.

1.2. Ergo dic Results. Studying the limiting behavior of the multiple ergadic averages
assaiated with (2) has beena certral topic in ergadic theory. Very recenly, using
methods from [7] corvergencewas establishedfor totally ergadic systemsin [8] and for
generalsystemsin [10] . The basic approad is to nd an appropriate factor system,
called a characteristic factor, that cortrols the limiting behasior asN M ! 1 in
L2( ) of the averages
1 X e pe(n)
N M TPV TRAUDE
n=M

3)

A characteristic factor is a factor sud that the limit of the averagesremainsunchanged
when ead function is replacedby its projection on this factor. The next step is to
obtain a concretedescription for somewell chosencharacteristic factor in order to prove
convergence.For generalpolynomials, sud a characteristic factor can be descritked asan
inverselimit of nilsystems(de ned in Section3.1). We shaw that characteristic factors
for rationally independen integer polynomials have a signi cantly simpler structure. In
particular, in Section3.2 we show that a characteristic factor for rationally independert
polynomials can be chosento be an inverselimit of rotations on nite abelian groups:

Theorem 1.1. Let (X;X; ; T) be an ergdic invertible measure preservingsystemand

p1;:::; Pk be rationally independentinteger polynomials. Then the rational Kronecker
factor K, (de ned in Section 3.1) is a characteristic factor for the L?( )-convemgene
of the averages(3), meaning that if f1;:::;f, 2 L' (), the dier ene

1 X! 1 X!

Tpl(n)fl Tpk(n)fk
n=M n=M

N
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whee f7 = E(f; jK,a), i = 1;:::;k, convegesto Oin L?( )asN M ! 1.

L® (), it wasshown in [1] that the multicorrelation sequence
z
a,= fo T"f; 110 TK'f d

can be decommsedas a sum of a k-step nilsequenceand a sequencdhat corvergesto
zero in uniform density (all notions de ned in Section4). We note that the original
statement in [1] is for fo = f; = ::: = fy, but the same proof holds for di erent
functions. Using Theorem 1.1 we prove an analogousresult for the multicorrelation
sequenceof independen polynomial iterates. Moreover, in Section 4 we showv that a
signi cantly simpler classof nilsequencesu ces for the decomposition:

Theorem 1.2. Let (X;X; ; T) be an invertible ergadic measure preservingsystemand
fi, i fc2LY(),n2Nand
Z
a, = fo TPMf, oo T o -

then fa,g,, Iis the sum of a d-step nilsequene and a sejuene that convelgesto zerw
in uniform density. Moreover, the d-step nilsequen@ can be chosento be of the form
b, = (S"e), whee S: GY ! GY is a unipotent ane transformation, G is a compact
akelian group, : GY! C is continuous, and e is the identity elementof GY.

We also use Theorem 1.1 to prove a multiple recurrenceresult. We show that for a
family of rationally independert integer polynomials, the measureof the intersectionin
(2) is aslarge as possible\frequently.” More precisely a set N is syndetic if there
existsM 2 N sud that ewery interval of length greaterthan M intersects nortrivially .
In Section3.3 we show:

Then for every" > 0, the set
is syndetic.

We stressthat we do not assumeergadicity for this result. This sharply corntrasts
the behavior of a family of linear integer polynomials. For examplewhen p;j(n) = in
fori = 1;:::;k, it was shown in [1] that the analogousresult fails for certain ergadic
transformationswhenk 4 and alsofails for certain nonergalic transformations when
k 2.
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2. Combinatorial Results

Fursterberg [4] establishedthe connectionbetweencombinatorial number theory and
ergadic theory, shaving that regularity properties of subsetsof integers with positive
density correspnd to multiple recurrencepropertiesof measurepreservingsystems. This
is re ected in what hasbecomeknown asthe CorresppndencePrinciple ( rst introduced
in [4] and given in the form below in [2]):

Fursten berg's Corresp ondence Principle . Let N. There exist a measure
preservingsystem(X;X; ; T) and A 2 X suchthat (A) = d() and

d \( +n)\ VN ( +nm) (AL TMAL \ T™A)

As an immediate corollary of Theorem 1.3 and Fursternberg's CorresppondencePrin-
ciple, for rational independert polynomials we have tight lower bounds for the upper
densitiesin (1) for every k 2 N. This result is known to be false for k 4 linear
polynomials (see[1]):

Theorem 2.1. Let N and p;;:::; px be rationally independentinteger polynomials

(5) fn2N: d \(+p(n)\ N+ p(n) dO) T g
is syndetic.

We give an exampleto shaw that the lower boundsgivenin (5) aretight. A set N
is called normal if its indicator function 1 cortains ewery string of zerosand onesof
length k with frequency2 k. For any sud set we have that

d \( +n)\ \( +n) =d() = 1=2

proved.

We remark that Fursterberg's correspndencePrinciple and, asa consequencelheo-
rem 2.1hold if onereplaceshe upper density d with the upper Banad density d de ned
byd () =limya supy, jJ \ [M;M + N)j=N (the limit existsby subadditivity).

Szemeedi's Theoremhasthe following nite version: givena length k of a progression
and density > 0, there existssomeN (k; ) sud that for all N N(k; ), any subset

k. In [1], the authors asked if one can strengthen this to shawing that for all k 2 N,
> Q0and" > 0, there existsN (k;"; ) sud that for all N  N(k;"; ), any subsetof

of length k with the samecommondi erence. Their results shav that the answer is no
for k 5 and they shav that a weaker condition holds for k = 3 and k = 4. Green|[6]
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ansvered the (stronger) question a rmativ ely for k = 3 and k = 4 remains open.
Given Theorem 2.1, it is natural to ask whether a similar result holds for independert
polynomial con gurations. We shaw that this is the case:

Proof. Supposethat the result fails. Then there exist ;"o > 0, an integer sequence
Nn ! 1 ,andintegersubsets ,, [1;Ny] sud that

(6) J mi oNm
and
(7) im\ Cm+pmM)V V(e p(n)i< (@ "o) §™" Nm

for every m; n 2 N. We construct a measurepreservingsystemthat hasbad recurrence
properties and then obtain a cortradiction from Theorem1.3.

Form2 Nset 9= ¢ and ! = . Usinga diagonalargumert we can nd a
subsequencef f N, gm2 , which for corveniencewe call againf Ny gm2 , sud that the
limit _ _ _

i JCR+H MV (R )\ \ (5 +n)\ [LNn]
mil Nm

On the sequencespace(X = f0;1g ; X), whereX is the Borel -algebra,we de ne a
measure on cylinder setsas follows:

(fXn, = 11 Xn, = 02,100 X, = 1,Q) =
i JCR+H N (R+n\ V(i )\ [LNGlj
m!1 Nm
whereng;ny;:ii;n. 2 Z, andiq; i, i:;iy 2 10;1g. The nite dimensionalstatistics are

consisten and sowe can extend this to a probability measureon X using Kolmogorov's
Extension Theorem. Then the shift transformation T de ned by

T(fx()g2 ) = fx( + 1)g2

presenesthe measure and givesrise to a measurepreservingsystem(X;X; ; T). If
A = fx: x(0) = 1g, using the de nition of we seethat

(AN TPAN  \ TPMAY = (FXg= L Xp,ny = L0005 Xpny) = 10)
— ”mj m\( m+p1(n))\ \( m+pk(n))j.

mi1 Nm
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for every n 2 N. Combining this with (6) and (7) we nd that
®) (AN TROAL A TROA) (@ ") £ (@ ) (A

for all n 2 N. This cortradicts Theorem 1.3 and completesthe proof.

3. Chara cteristic  factors and multiple recurrence resul t

3.1. Preliminaries. By ameasurepreservingsystemwe meana quadruple(X;X; ; T),
where (X; X; ) is a probability spaceand T: X ! X is a measurablemap sud that
(T *A) = (A) for all A 2 X. Without loss of generality we can assumethat the
probability spaceis Lebesgue. A factor of the measurepreservingsystem(X;X; ; T)
can be de ned in any of the following three equivalert ways: it is a T-invariant sub- -
algebraD of X, it is a T-invariant sub-algebraF of L (X), orit isasystem(Y;Y; ;S)
andameasurablemap : X°! YC whereX %isaT-invariant setandY °is an S-invariant
set of full measure,sud that 1= andS (x)= T(x) for x 2 X% By setting
F = L! (D), we seethat the rst de nition implies the second.Conversely given F we
de ne D to bethe -algebrageneratedby F-measurablesets. The equivalencebetween
the rst and third de nition is seenby identifying D with  (Y). In a slight abuse
of terminology, when any of these conditions holds, we say that Y (or the appropriate
-algebraof X) is a factor of X and call : X°! YOthe factor map. If a factor map
: X1 YOis alsoinjective, then we say that the systems(X;X; ; T) and (Y;Y; ;S)
are isomorphic,
If Y is a T-invariant sub- -algebraof X and f 2 L?( ), we de ne the conditional
expectation E(fjY) of f with respct to Y to be the orthogonal projection of f onto
L2(Y). We frequertlg usethe idertitzies

EGjY)d = fd; TE®FjY)=ETfjY):

For ead r 2 N, we de ne K, to be the factor induced by the algebra
ff2LY():Tf="fg:
We de ne K, to be the factor induced by the algebrageneratedby the functions
ff 2LY():T'f =f for somer 2 Ng :

The Kronedker factor K is inducedby the algebraspannedby the boundedeigenfunctions
of T.

The transformation T is ergdic if K; consistsonly of constart functions and T is
totally ergdic if K, consistsonly of constart functions. The von Neumann Ergodic
Theoremstatesthat if T is ergadic and f 2 L?( ), then

1 X7 2
9) lim — Tf= fd ;

N1
N n=0
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with the convergencetaking placein L2( ).

Every measurepreser\#ylgsystem(x;X; ; T) hasan ergalic decomposition, meaning
that we can write = ¢ d (t), where is a probability measureon [0;1] and
are T-invariant probability measureson (X ; X) sud that the systems(X;X; ;T) are
ergadic for t 2 [0; 1].

If G is ak-stepnilpotent Lie groupand is a cocompactsubgroup,then X = G= is
calleda k-stepnilmanifold. There existsa unique probability measurem on X (the Haar
measure) that is invariant under left translations. If a 2 G, then the measurepreserving
system(X; X ;m; T,) de ned by the transformation T,(g) = (ag) is calleda nilsystem
Every unipotent a ne transformation on a compact abelian Lie group (with the Borel

-algebraand the Haar measure)inducesa systemthat is isomorphicto a nilsystem, but
theseare not the only examplesof nilsystems.

We say that the system (X;X; ; T) is an inverse limit of a sequene of factors
w;xj; ; T)if fXjgi2 isanincreasingsequencef T-invariant sub- -algebrassud that

i2 Xj = X up to sets of measurezero. If in addition for every j 2 N the factor
system(X; X;; ; T) is isomorphicto a nilsystem of order k, we say that (X;X; ; T) is
an inverse limit of nilsystemsof order k.

3.2. Characteristic factors. A key ingrediert in the proof of Theorem 1.1 is the fol-
lowing result of the authors:

Theorem 3.1 ([3]). Let (X;X; ; T) be an invertible totally ergadic measure preserv-

X 1 w Z
TPWf, o TRME fid
n=M i=1

1

(10) N M

convegesto 0in L2( )asN M ! 1.

We note that the result in [3] is only stated for M = 0, but the sameproof givesthis
uniform version. If k 2 and the polynomialspy;:::;px are not rationally independen

limit of the averagein (10) is not constart. This can be easily seenby consideringthe
exampleof an irrational rotation on the circle.
Beforethe proof of Theorem 1.1, we prove a Lemma:

Lemrﬁa 3.2. Let(X;X; ; T) beameasur preservingsystemwith ergalic decomposition
= cd (1), Iff 2L () satises E(f jK,a( ) = 0O, then E(f j K, «( {)) = O for
-a.e. t.

Proof. Let ,  bethe spectral measuresof the function f with respect to the systems
(X;X;; T)and (X;X; ;T), respectively. It is classicalthat E(f jK;x( )) = 0if and
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R
only if (frg) = Ofor everyr 2 Q. Since Z: ¢ d (1), we have that

0= (frgg=  «(frgpd (1)

for every r 2 Q. Hence,for everyr 2 Q we have (frg) = Ofor -a.e.t. SinceQ is
courtable it follows that for -a.e. t we have ((frg) = O for every r 2 Q, and sofor
-a.e.t we have E(f jK;x( {)) = 0.

Every@tegerpolynomial p(n) of degreeat most d admits a represetation of the form
n

p(n) = ?:Oq . for somec 2 Q, i = 0;:::;d. Sincep(j) 2 Z,j = 0;:::7d, it is
that wheneer p(n) is an integer polynomial of degreeat most d, then for every r 2 Z
the polynomial g(n) = p(d!n + r) hasinteger coe cients. This follows easily from the
aforemenioned represetation.

Proof of Theorem 1.1. We begin with someeasyreductions. Without lossof generalily

It suces to show that if E(f1]K,a) = O then the average(3) corvergesto zeroin
L2( )asN M ! 1. If f is a function with E(f jK,5) = 0 for the measure
then by Lemma 3.2 the sameproperty holds for almost every measurein the ergadic
decompsition of . Hence,we canassumethat T is ergadic.

From [10] we know that a characteristic factor for L2( ) corvergenceof the averages
(3) isaninverselimit of nilsystemsinducedby someT -invariant sub- -algebrasfX g, .
SinceE(f1] K, «(X)) = 0 implies that E(f1] K, a(X;)) = 0forj 2 N, using a standard
appraximation argumen we can assumethat the systemis a nilsystem.

The Kronedker factor of an ergadic nilsystem is isomorphicto a rotation on a mono-
thetic compactabelian Lie group G. Every sud group hasthe form Zy4, T for some
positive integer d; and nonnegatiwe integerd,, whereZ4 denotesthe cyclic group with d
elemerts. It followsthat K5 = K., for somery 2 N. Hence,ewery ergadic componert of
the transformation T'° is totally ergadic. Sincep;(0) = 0 and p; hasinteger coe cien ts,

integer coe cients. From E(f1jK,s) = 0, it follows that the function f; hasintegral
zeroon ewery ergadic componert of T'. Applying Theorem 3.1 on the (totally) ergadic

1
TPlwo)f, oo TRe(ro)f
n=M

1

(11)
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corvergesto O in L?( ) asN M ! 1. Moreover, E(f1jK,;s) = 0 implies that
E(TIf1jK,a) = O0forj 2 N and sothe limit is zerowith pi(nro + k) substituted for
pi(nro) in (11) for k = 0;:::;ro 1. Adding these,we have that (3) convergesto 0 in
L2( )asN M ! 1.

3.3. Multiple recurrence. We prove Theorem1.3.

.....

Let " > 0. There existsr 2 N sud that

(12) KE(LajKy)  E(lajKeadkia) (g
By Theorem 1.1,
(13)
y( 1
i pa(nr) Pk (nr) -
Nlml N M (AN T A\ \' T A)
n=M
1 X7
g lim S E(1ajKra) T "ME@Qa]Kea) 200 T POE(1A [ Kra) d
’ n=M

THE(LlajKra) d TAE(1ajK,) d
i=0 i=0

X( - . - . - -

JTaI E(]-AJ Krat) T# E(lAj Kr)j d

i=0

X( - - - -
= JE(1ajKra) E(1ajK()jd

i=0

kE(lAj Krat) E(lAj Kr)kLz( )
=0
by (12). It follows that the limit in (13) is greaterthan or equalto
X 14
NN M E(1ajK,) T PMEMAjK,) 00 T HMOEMLjK,)d "
n=M
Z
= E(LajK)“td ot (A
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where the last equality holds sincer divides pj(nr) for i = 1;:::;k, and ewery K,-
measurablefunction is T" invariant.

4. Correla tions of independent pol ynomial itera tes and nilsequences

We now provethe Structure Theorem1.2for multicorrelation sequencesfindependent
polynomials. We start with somede nitions from [1]:

Denition 4.1. Let k 1 be an integerand let X = G= be a k-step nilmanifold.
Supposethat is a cortinuous complex valued function on X, a 2 G, and xo 2 X.
The sequencd (a"xg)gn, Is called a basic k-step nilsequene. A k-step nilsequene is
a uniform limit of basick-step nilsequences.

De nition 4.2. Let fa g, be a boundedsequencef complexnumbers. We say that
a, tendsto zem in uniform density, and write UD-lim a, = O, if
y( 1
lim

N M1 N M Jan) = 0:

n=M

Beforethe proof, we begin with a Lemma:

(14) UD-lim fo TPWf, o0 TPME, fo TPy o T d = 0;

whee f7 = E(f;jK), i = 0;1;:::;k and K is the Kronecker factor of the system.

limit in (14) is zero. Without loss of generality, we can assumethat i = 1. We apply
Theorem1.1to the product systeminducedby T T actingonX X. From [5] (Lemma
4.18)we know that f 2 K(X X)) if ar;éj only if it hasthe form

fOGx) = con(X) ha(x9

n2
whereg,;hy, 2 K(X) andc, 2 C for n 2 N. SinceE(f,jK(X)) = 0, it follows that
E(f; fijK(X X)) = 0whichimpliesthat E(f; f;jK,4(X X)) = 0. Hence,the
average

1 Xt
o (T TR0 f) (T RO )
n=M
corvergesto zeroin L?( yasN M ! 1 . It follows that
. 1 X! 2 2
. 'h”ﬁ‘l R fo TPMWf, o TME d =0

n=M
and this completesthe proof.
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Proof of Theorem 1.2. By Lemma4.3, we can assumethat X = K. Sincethe systemis
ergadic and coincideswith its Kronedker factor we can assumethat T is a rotation on a
compact abelian group G. Every compactabelian group is an inverselimit of compact
abelian Lie groupsand so using an easyappraximation argumert, sud asthe one used
in [1] (seepage296), we can further assumethat G is Lie.

Supposenow that G is a compact abelian Lie group with Haar measurem and that
T:G! Ig isgivenby T(g) = g+ afor somea 2 G. Forj = 0;:::;d we have that
p(n) = L cy 1 for somec; 2 Z. We construct the advertised transformation

S: GY! GY and the cortinuousfunction :GY! C asfollows: S is de ned by
SO%:iiiiG = it A%+ giiiiGdt G
and the continuousfunction is de ned by

Z Y xd
(Q1;::1;0) = fo(g)_ fi(g+ coa+  Gjg) dm(g) :

i=1 j=1

Note that S is unipotent sinceall its eigervaluesare 1. It is easyto che that

nNM- - ... —_ n ..... n
S"(0;:::;0) 1a, ,da,
and so
Z
= fo(g fu(g+ pu(n)a) ::: fr(g+ p(n)a) dm(g)
Z

= fo TPMf, o TMf, dm= a, :

The system(GY; S) is topologically conjugateto a d-step nilsystem, meaningthat there
exist a d-step nilmanifold H=, ana 2 H, and an invertible cortinuousmap : G9!
H= sudhthat S= ! T, ,whereT,isdened by T,(g) = (ag). It follows that

where °= lis a cortinuous function on H= and xq = (0;:::;0) 2 H=. This
completesthe proof.

We illustrate the construction of this proof with an example:
Example. Supposethat k = 2 and py(n) = 2n+ 1, pa(n) = n°=2 n=2,G = T, and
T:T! Tisgivenby T(t)=t+ (mod 1) for someirrational 2 T. Then
Z

an= fot fit+@n+1) f,t+ '2‘ 2 dt ;
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S:T?! T2?isde ned by
S(ty;ty) = (ta+ st + tg)
and :T2! Cisdened b%

(ti;tz) = fo(t) fo(t+ +2t) fo(t ti+1tp)dt:
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