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Abstra ct. Szemer�edi's Theorem states that a set of integerswith positive upper den-
sity contains arbitrarily long arithmetic progressions.Bergelsonand Leibman general-
ized this, showing that sets of integers with positive upper density contain arbitrarily
long polynomial con�gurations; Szemer�edi's Theorem corresponds to the linear caseof
the polynomial theorem. We focus on the casefarthest from the linear case,that of
rationally independent polynomials. We derive results in ergodic theory and in com-
binatorics for rationally independent polynomials, showing that their behavior di�ers
sharply from the generalsituation.

1. Intr oduction and resul ts in er godic theor y

1.1. Background. The celebratedtheoremof Szemer�edi [12] statesthat a subsetof the
integerswith positive upper density1 contains arbitrarily long arithmetic progressions.
Furstenberg [4] drew the deepconnectionbetweencombinatorial questionsand ergodic
theory, showing that Szemer�edi's Theoremfollows from an ergodic theorem,now known
as the multiple recurrencetheorem.

A natural question is to �nd other con�gurations that must occur in subsetsof the
integers with positive upper density. Furstenberg [5] and S�ark•ozy [11] independently
proved that if � � N has positive upper density and p(n) is an integer polynomial,
meaningit takesinteger valueson the integers,and if p(0) = 0, then there exist x; y 2 �
such that x � y = p(n) for somen 2 N. Bergelsonand Leibmanestablisheda far reaching
generalizationof this result. They showed that if � � N haspositive upper density and
p1; : : : ; pk are integerpolynomialswith pi (0) = 0 for i = 1; : : : ; k, then there existsn 2 N
such that

(1) �d
�
� \ (� + p1(n)) \ � � � \ (� + pk(n))

�
> 0 :

As with Furstenberg's proof of Szemer�edi's Theorem, the Polynomial Szemer�edi The-
orem follows from an ergodic theorem:
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1If � � N we de�ne the upper density �d(�) = lim supN !1 j� \ [1; N ]j=N .
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Polynomial Szemer�edi Theorem (Bergelsonand Leibman [2]). Let (X ; X ; �; T) be
an invertible measure preservingsystemand let p1, . . . , pk be integer polynomials with
pi (0) = 0 for i = 1; : : : ; k. If A 2 X with � (A) > 0, then

(2) lim inf
N !1

1
N

N � 1X

n=0

�
�
A \ Tp1(n)A \ : : : \ Tpk (n)A

�
> 0 :

Szemer�edi's Theorem(and the ergodic theoretic proof by Furstenberg) correspondsto
the casethat all the polynomials are linear. We focuson the opposite caseof rationally
independent integer polynomials, meaninga set of integer polynomials such that every
nontrivial integer combination of the polynomials is not constant. In somesense,this
caseis typical, sincea genericfamily of integer polynomials is rationally independent.
A particular exampleis any set of polynomialswith pairwisedistinct degrees.We prove
several results, someergodic and somecombinatorial, for families of rationally indepen-
dent integer polynomials, focusing on the di�erence between this caseand that of a
family of linear integer polynomials.

1.2. Ergo dic Results. Studying the limiting behavior of the multiple ergodic averages
associated with (2) has been a central topic in ergodic theory. Very recently, using
methods from [7] convergencewas establishedfor totally ergodic systemsin [8] and for
generalsystemsin [10] . The basic approach is to �nd an appropriate factor system,
called a characteristic factor, that controls the limiting behavior as N � M ! 1 in
L2(� ) of the averages

(3)
1

N � M

N � 1X

n= M

Tp1(n) f 1 � : : : � Tpk (n) f k :

A characteristic factor is a factor such that the limit of the averagesremainsunchanged
when each function is replaced by its projection on this factor. The next step is to
obtain a concretedescription for somewell chosencharacteristic factor in order to prove
convergence.For generalpolynomials,such a characteristic factor canbe described asan
inverselimit of nilsystems(de�ned in Section3.1). We show that characteristic factors
for rationally independent integer polynomials have a signi�cantly simpler structure. In
particular, in Section3.2 we show that a characteristic factor for rationally independent
polynomials can be chosento be an inverselimit of rotations on �nite abelian groups:

Theorem 1.1. Let (X ; X ; �; T) be an ergodic invertible measure preservingsystemand
p1; : : : ; pk be rationally independent integer polynomials. Then the rational Kronecker
factor K r at (de�ned in Section 3.1) is a characteristic factor for the L 2(� )-convergence
of the averages(3), meaning that if f 1; : : : ; f k 2 L1 (� ), the di�er ence

(4)
1

N � M

N � 1X

n= M

Tp1(n) f 1 � : : : � Tpk (n) f k �
1

N � M

N � 1X

n= M

Tp1(n) ~f 1 � : : : � Tpk (n) ~f k ;
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where ~f i = E(f i j K r at ), i = 1; : : : ; k, convergesto 0 in L 2(� ) as N � M ! 1 .

For a given measurepreserving system (X ; B; �; T) and functions f 0; f 1; : : : ; f k 2
L1 (� ), it was shown in [1] that the multicorrelation sequence

an =
Z

f 0 � Tn f 1 � : : : � T kn f k d�

can be decomposedas a sum of a k-step nilsequenceand a sequencethat convergesto
zero in uniform density (all notions de�ned in Section 4). We note that the original
statement in [1] is for f 0 = f 1 = : : : = f k , but the same proof holds for di�erent
functions. Using Theorem 1.1 we prove an analogousresult for the multicorrelation
sequenceof independent polynomial iterates. Moreover, in Section 4 we show that a
signi�cantly simpler classof nilsequencessu�ces for the decomposition:

Theorem 1.2. Let (X ; X ; �; T) be an invertible ergodic measure preservingsystemand
let p1; : : : ; pk be rationally independent integer polynomials with highestdegree d. If f 0,
f 1, : : : ; f k 2 L1 (� ), n 2 N and

an =
Z

f 0 � Tp1(n) f 1 � : : : � Tpk (n) f k d� ;

then f angn2
� is the sum of a d-step nilsequence and a sequence that convergesto zero

in uniform density. Moreover, the d-step nilsequence can be chosento be of the form
bn = � (Sne), where S: Gd ! Gd is a unipotent a�ne transformation, G is a compact
abelian group, � : Gd ! C is continuous, and e is the identity elementof Gd.

We also useTheorem 1.1 to prove a multiple recurrenceresult. We show that for a
family of rationally independent integer polynomials, the measureof the intersection in
(2) is as large as possible\frequently." More precisely, a set � � N is syndetic if there
existsM 2 N such that every interval of length greaterthan M intersects� nontrivially .
In Section3.3 we show:

Theorem 1.3. Let (X ; X ; �; T) be an invertible measure preservingsystem,p1; : : : ; pk be
rationally independent integer polynomials with pi (0) = 0 for i = 1; : : : ; k, and A 2 X .
Then for every " > 0, the set

�
n 2 N: �

�
A \ Tp1(n)A \ � � � \ Tpk (n)A

�
� � (A)k+1 � "

	

is syndetic.

We stressthat we do not assumeergodicity for this result. This sharply contrasts
the behavior of a family of linear integer polynomials. For examplewhen pi (n) = in
for i = 1; : : : ; k, it was shown in [1] that the analogousresult fails for certain ergodic
transformations when k � 4 and also fails for certain nonergodic transformations when
k � 2.
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2. Combina torial Resul ts

Furstenberg [4] establishedthe connectionbetweencombinatorial number theory and
ergodic theory, showing that regularity properties of subsetsof integers with positive
density correspond to multiple recurrencepropertiesof measurepreservingsystems.This
is re
ected in what hasbecomeknown asthe CorrespondencePrinciple (�rst introduced
in [4] and given in the form below in [2]):

Fursten berg's Corresp ondence Principle . Let � � N. There exist a measure
preservingsystem(X ; X ; �; T) and A 2 X suchthat � (A) = �d(�) and

�d
�
� \ (� + n1) \ � � � \ (� + nm )

�
� � (A \ Tn1A \ � � � \ Tn r A)

for all r 2 N and all n1; : : : ; nr 2 Z.

As an immediate corollary of Theorem 1.3 and Furstenberg's CorrespondencePrin-
ciple, for rational independent polynomials we have tight lower bounds for the upper
densities in (1) for every k 2 N. This result is known to be false for k � 4 linear
polynomials (see[1]):

Theorem 2.1. Let � � N and p1; : : : ; pk be rationally independent integer polynomials
with pi (0) = 0 for i = 1; : : : ; k. Then for every " > 0, the set

(5) f n 2 N: �d
�
� \ (� + p1(n)) \ � � � \ (� + pk(n))

�
� �d(�) k+1 � "g

is syndetic.

We give an exampleto show that the lower boundsgiven in (5) are tight. A set � � N
is called normal if its indicator function 1� contains every string of zerosand onesof
length k with frequency2� k . For any such set � we have that

�d
�
� \ (� + n1) \ � � � \ (� + nk)

�
= �d(�) k+1 = 1=2k+1

for all choicesof nonzerodistinct integersn1; : : : ; nk , meaning that (5) cannot be im-
proved.

We remark that Furstenberg's correspondencePrinciple and, asa consequence,Theo-
rem 2.1hold if onereplacesthe upper density �d with the upper Banach density d� de�ned
by d� (�) = limN !1 supM 2

� j� \ [M ; M + N )j=N (the limit exists by subadditivity).
Szemer�edi's Theoremhasthe following �nite version: given a length k of a progression

and density � > 0, there exists someN (k; � ) such that for all N � N (k; � ), any subset
of f 1; : : : ; N g having at least � N elements contains an arithmetic progressionof length
k. In [1], the authors asked if one can strengthen this to showing that for all k 2 N,
� > 0 and " > 0, there exists N (k; "; � ) such that for all N � N (k; "; � ), any subsetof
f 1; : : : ; N g with at least � N elements contains at least(1� " )� kN arithmetic progressions
of length k with the samecommondi�erence. Their results show that the answer is no
for k � 5 and they show that a weaker condition holds for k = 3 and k = 4. Green [6]
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answered the (stronger) question a�rmativ ely for k = 3 and k = 4 remains open.
Given Theorem 2.1, it is natural to ask whether a similar result holds for independent
polynomial con�gurations. We show that this is the case:

Theorem 2.2. Let p1; : : : ; pk be rationally independentinteger polynomialswith pi (0) =
0 for i = 1; : : : ; k. For every � > 0 and " > 0 there exists N ("; � ), such that for all
N > N ("; � ), any integer subset� � [1; N ] with j� j � � N contains at least (1 � " )� k+1 N
con�gurations of the form f x; x + p1(n); : : : ; x + pk(n)g for some�xed n 2 N.

Proof. Supposethat the result fails. Then there exist � 0; "0 > 0, an integer sequence
Nm ! 1 , and integer subsets� m � [1; Nm ] such that

(6) j� m j � � 0Nm

and

(7) j� m \ (� m + p1(n)) \ � � � \ (� m + pk(n)) j < (1 � " 0)� k+1
0 Nm

for every m; n 2 N. We construct a measurepreservingsystemthat hasbad recurrence
properties and then obtain a contradiction from Theorem1.3.

For m 2 N set � 0
m = � c

m and � 1
m = � m . Using a diagonal argument we can �nd a

subsequenceof f Nm gm2
� , which for conveniencewe call again f Nm gm2

� , such that the
limit

lim
m!1

j(� i 1
m + n1) \ (� i 2

m + n2) \ � � � \ (� i r
m + nr ) \ [1; Nm ]j

Nm

exists for every r 2 N, n1; : : : ; nr 2 Z, and i1; : : : ; i r 2 f 0; 1g.
On the sequencespace(X = f 0; 1g

�

; X ), whereX is the Borel � -algebra,we de�ne a
measure� on cylinder setsas follows:

� (f xn1 = i1; xn2 = i2; : : : ; xn r = i r g) =

lim
m!1

j(� i 1
m + n1) \ (� i 2

m + n2) \ � � � \ (� i r
m + nr ) \ [1; Nm ]j

Nm

wheren1; n2; : : : ; nr 2 Z, and i1; i2; : : : ; i r 2 f 0; 1g. The �nite dimensionalstatistics are
consistent and sowe can extend this to a probability measureon X using Kolmogorov's
Extension Theorem. Then the shift transformation T de�ned by

T(f x(j )gj 2
� ) = f x(j + 1)gj 2

�

preserves the measure� and gives rise to a measurepreservingsystem(X ; X ; �; T). If
A = f x : x(0) = 1g, using the de�nition of � we seethat

� (A \ Tp1(n)A \ � � � \ Tpk (n)A) = � (f x0 = 1; xp1(n) = 1; : : : ; xpk (n) = 1g)

= lim
m!1

j� m \ (� m + p1(n)) \ � � � \ (� m + pk(n)) j
Nm

;
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for every n 2 N. Combining this with (6) and (7) we �nd that

(8) � (A \ Tp1(n)A \ � � � \ Tpk (n)A)) � (1 � " 0)� k+1
0 � (1 � "0)� (A)k+1

for all n 2 N. This contradicts Theorem1.3 and completesthe proof. �

3. Chara cteristic f actors and mul tiple recurrence resul t

3.1. Preliminaries. By a measurepreservingsystemwemeana quadruple(X ; X ; �; T),
where (X ; X ; � ) is a probability spaceand T : X ! X is a measurablemap such that
� (T � 1A) = � (A) for all A 2 X . Without loss of generality we can assumethat the
probability spaceis Lebesgue. A factor of the measurepreservingsystem(X ; X ; �; T)
can be de�ned in any of the following three equivalent ways: it is a T-invariant sub-� -
algebraD of X , it is a T-invariant sub-algebraF of L 1 (X ), or it is a system(Y; Y; � ; S)
and a measurablemap � : X 0 ! Y 0, whereX 0 is a T-invariant setand Y 0 is an S-invariant
set of full measure,such that � � � � 1 = � and S � � (x) = � � T(x) for x 2 X 0. By setting
F = L1 (D), we seethat the �rst de�nition implies the second.Conversely, given F we
de�ne D to be the � -algebrageneratedby F -measurablesets. The equivalencebetween
the �rst and third de�nition is seenby identifying D with � � 1(Y). In a slight abuse
of terminology, when any of theseconditions holds, we say that Y (or the appropriate
� -algebraof X ) is a factor of X and call � : X 0 ! Y 0 the factor map. If a factor map
� : X 0 ! Y 0 is also injective, then we say that the systems(X ; X ; �; T) and (Y; Y; � ; S)
are isomorphic.

If Y is a T-invariant sub-� -algebra of X and f 2 L 2(� ), we de�ne the conditional
expectation E(f jY ) of f with respect to Y to be the orthogonal projection of f onto
L2(Y). We frequently usethe identities

Z
E(f jY ) d� =

Z
f d�; T E(f jY ) = E(Tf jY ) :

For each r 2 N, we de�ne K r to be the factor induced by the algebra

f f 2 L1 (� ) : T r f = f g :

We de�ne K r at to be the factor induced by the algebrageneratedby the functions

f f 2 L1 (� ) : T r f = f for somer 2 Ng :

The Kronecker factor K is inducedby the algebraspannedby the boundedeigenfunctions
of T.

The transformation T is ergodic if K1 consistsonly of constant functions and T is
totally ergodic if K r at consistsonly of constant functions. The von Neumann Ergodic
Theoremstatesthat if T is ergodic and f 2 L 2(� ), then

(9) lim
N !1

1
N

N � 1X

n=0

Tn f =
Z

f d� ;
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with the convergencetaking placein L 2(� ).
Every measurepreservingsystem(X ; X ; �; T) hasan ergodic decomposition, meaning

that we can write � =
R

� t d� (t), where � is a probability measureon [0; 1] and � t

are T-invariant probability measureson (X ; X ) such that the systems(X ; X ; � t ; T) are
ergodic for t 2 [0; 1].

If G is a k-step nilpotent Lie group and � is a cocompactsubgroup,then X = G=� is
calleda k-stepnilmanifold. There existsa uniqueprobability measurem on X (the Haar
measure) that is invariant under left translations. If a 2 G, then the measurepreserving
system(X ; X ; m; Ta) de�ned by the transformation Ta(g�) = (ag)� is calleda nilsystem.
Every unipotent a�ne transformation on a compact abelian Lie group (with the Borel
� -algebraand the Haar measure)inducesa systemthat is isomorphicto a nilsystem,but
theseare not the only examplesof nilsystems.

We say that the system (X ; X ; �; T) is an inverse limit of a sequence of factors
(X ; X j ; �; T) if fX j gi 2

� is an increasingsequenceof T-invariant sub-� -algebrassuch thatW
j 2

� X j = X up to sets of measurezero. If in addition for every j 2 N the factor
system(X ; X j ; �; T) is isomorphic to a nilsystem of order k, we say that (X ; X ; �; T) is
an inverse limit of nilsystemsof order k.

3.2. Characteristic factors. A key ingredient in the proof of Theorem 1.1 is the fol-
lowing result of the authors:

Theorem 3.1 ([3]). Let (X ; X ; �; T) be an invertible totally ergodic measure preserv-
ing systemand let p1; : : : ; pk be rationally independent integer polynomials. Then for
f 1; : : : ; f k 2 L1 (� ) the di�er ence

(10)
1

N � M

N � 1X

n= M

Tp1(n) f 1 � : : : � Tpk (n) f k �
kY

i =1

Z
f i d�

convergesto 0 in L 2(� ) as N � M ! 1 .

We note that the result in [3] is only stated for M = 0, but the sameproof givesthis
uniform version. If k � 2 and the polynomials p1; : : : ; pk are not rationally independent
then there exist totally ergodic systemsand boundedfunctions f 1; : : : ; f k , for which the
limit of the averagein (10) is not constant. This can be easily seenby consideringthe
exampleof an irrational rotation on the circle.

Beforethe proof of Theorem1.1, we prove a Lemma:

Lemma 3.2. Let (X ; X ; �; T) be a measure preservingsystemwith ergodic decomposition
� =

R
� t d� (t). If f 2 L1 (� ) satis�es E(f j K r at (� )) = 0, then E(f j K r at (� t )) = 0 for

� -a.e. t.

Proof. Let � , � t be the spectral measuresof the function f with respect to the systems
(X ; X ; �; T) and (X ; X ; � t ; T), respectively. It is classicalthat E(f j K r at (� )) = 0 if and
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only if � (f r g) = 0 for every r 2 Q. Since� =
R

� t d� (t), we have that

0 = � (f r g) =
Z

� t (f r g) d� (t)

for every r 2 Q. Hence,for every r 2 Q we have � t (f r g) = 0 for � -a.e. t. SinceQ is
countable it follows that for � -a.e. t we have � t (f r g) = 0 for every r 2 Q, and so for
� -a.e. t we have E(f j K r at (� t )) = 0. �

Every integerpolynomial p(n) of degreeat most d admits a representation of the form
p(n) =

P d
i=0 ci

� n
i

�
for someci 2 Q, i = 0; : : : ; d. Since p(j ) 2 Z, j = 0; : : : ; d, it is

immediate that ci 2 Z, i = 0; : : : ; d. A fact that we frequently use in the sequelis
that whenever p(n) is an integer polynomial of degreeat most d, then for every r 2 Z
the polynomial q(n) = p(d!n + r ) has integer coe�cien ts. This follows easily from the
aforementioned representation.

Proof of Theorem 1.1. We begin with someeasyreductions. Without lossof generality
we can assumethat the polynomialsp1; : : : ; pk have integercoe�cien ts. Indeed,suppose
that the highest degreeof the polynomials p1; : : : ; pk is d. Then for every r 2 Z the
polynomial family f pi (d!n + r )gi =1 ;:::;k satis�es the assumptionsof the theoremand also
has integer coe�cien ts. Using the result for r = 0; : : : ; d! � 1 and adding, we obtain the
result for the family f pi (n)gi =1 ;:::;k . Furthermore, sinceE(T j f j K r at ) = T j E(f j K r at ) for
j 2 Z, we can further assumethat pi (0) = 0 for i = 1; : : : ; k.

It su�ces to show that if E(f 1 j K r at ) = 0 then the average(3) convergesto zero in
L2(� ) as N � M ! 1 . If f is a function with E(f j K r at ) = 0 for the measure� ,
then by Lemma 3.2 the sameproperty holds for almost every measurein the ergodic
decomposition of � . Hence,we can assumethat T is ergodic.

From [10] we know that a characteristic factor for L 2(� ) convergenceof the averages
(3) is an inverselimit of nilsystemsinducedby someT-invariant sub-� -algebrasfX j gj 2

� .
SinceE(f 1 j K r at (X )) = 0 implies that E(f 1 j K r at (X j )) = 0 for j 2 N, using a standard
approximation argument we can assumethat the systemis a nilsystem.

The Kronecker factor of an ergodic nilsystem is isomorphic to a rotation on a mono-
thetic compactabelian Lie group G. Every such group has the form Zd1 � Td2 for some
positive integer d1 and nonnegative integer d2, whereZd denotesthe cyclic group with d
elements. It follows that K r at = K r 0 for somer 0 2 N. Hence,every ergodic component of
the transformation T r 0 is totally ergodic. Sincepi (0) = 0 and pi has integer coe�cien ts,
we have that pi (nr 0) = r0qi (n), whereqi (n), for i = 1; : : : ; k, is again a polynomial with
integer coe�cien ts. From E(f 1 j K r at ) = 0, it follows that the function f 1 has integral
zeroon every ergodic component of T r 0 . Applying Theorem3.1 on the (totally) ergodic
components of T r 0 with the rationally independent polynomials q1; : : : ; qk , we have that

(11)
1

N � M

N � 1X

n= M

Tp1(nr 0) f 1 � : : : � Tpk (nr 0 ) f k
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convergesto 0 in L 2(� ) as N � M ! 1 . Moreover, E(f 1 j K r at ) = 0 implies that
E(T j f 1 j K r at ) = 0 for j 2 N and so the limit is zero with pi (nr 0 + k) substituted for
pi (nr 0) in (11) for k = 0; : : : ; r 0 � 1. Adding these,we have that (3) convergesto 0 in
L2(� ) asN � M ! 1 . �

3.3. Multiple recurrence. We prove Theorem1.3.

Proof of Theorem 1.3. Supposethat the highest degreeof the polynomials p1; : : : ; pk is
d. Then the polynomial family f pi (d!n)gi =1 ;:::;k satis�es the assumptionsof the theorem
and has integer coe�cien ts. By applying the result for this family we can assumethat
the polynomials p1; : : : ; pk have integer coe�cien ts.

Let " > 0. There exists r 2 N such that

(12) kE(1A j K r ) � E(1A j K r at )kL 2(� ) �
"

k + 1
:

By Theorem1.1,

lim
N � M !1

1
N � M

N � 1X

n= M

� (A \ Tp1(nr )A \ � � � \ Tpk (nr )A) =

(13)

lim
N � M !1

1
N � M

N � 1X

n= M

Z
E(1A j K r at ) � T � p1(nr )E(1A j K r at ) � : : : � T � pk (nr )E(1A j K r at ) d� :

For every choiceof integersa0; : : : ; ak , we have

�
�
�
Z kY

i =0

Tai E(1A j K r at ) d� �
Z kY

i =0

Tai E(1A j K r ) d�
�
�
�

�
Z kX

i =0

jTai E(1A j K r at ) � Tai E(1A j K r )j d�

=
kX

i =0

Z
jE(1A j K r at ) � E(1A j K r )j d�

�
kX

i =0

kE(1A j K r at ) � E(1A j K r )kL 2(� ) � "

by (12). It follows that the limit in (13) is greater than or equal to

lim
N � M !1

1
N � M

N � 1X

n= M

Z
E(1A j K r ) � T � p1(nr )E(1A j K r ) � : : : � T � pk (nr )E(1A j K r ) d� � "

=
Z

E(1A j K r )k+1 d� � " � � (A)k+1 � ";
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where the last equality holds since r divides pi (nr ) for i = 1; : : : ; k, and every K r -
measurablefunction is T r invariant. �

4. Correla tions of independent pol ynomial itera tes and nilsequences

Wenow provethe Structure Theorem1.2for multicorrelation sequencesof independent
polynomials. We start with somede�nitions from [1]:

De�nition 4.1. Let k � 1 be an integer and let X = G=� be a k-step nilmanifold.
Supposethat � is a continuous complex valued function on X , a 2 G, and x0 2 X .
The sequencef � (anx0)gn2

� is called a basic k-step nilsequence. A k-step nilsequence is
a uniform limit of basick-step nilsequences.

De�nition 4.2. Let f angn2
� be a boundedsequenceof complexnumbers. We say that

an tends to zero in uniform density, and write UD-lim an = 0, if

lim
N � M !1

1
N � M

N � 1X

n= M

jan j = 0 :

Beforethe proof, we begin with a Lemma:

Lemma 4.3. Let (X ; X ; �; T) be a measure preservingsystem,p1; : : : ; pk be rationally
independent integer polynomials, and f 0; f 1; : : : ; f k 2 L1 (� ). Then

(14) UD- lim
� Z

f 0 � Tp1(n) f 1 � : : : � Tpk (n) f k d� �
Z

~f 0 � Tp1(n) ~f 1 � : : : � Tpk (n) ~f k d�
�

= 0 ;

where ~f i = E(f i j K), i = 0; 1; : : : ; k and K is the Kronecker factor of the system.

Proof. It su�ces to show that if E(f i j K) = 0 for somei 2 f 1; : : : ; kg, then the UD-
limit in (14) is zero. Without lossof generality, we can assumethat i = 1. We apply
Theorem1.1to the product systeminducedby T � T acting on X � X . From [5] (Lemma
4.18) we know that f 2 K(X � X ) if and only if it has the form

f (x; x0) =
X

n2
�

cn gn (x) � hn (x0)

where gn ; hn 2 K(X ) and cn 2 C for n 2 N. SinceE(f 1 j K(X )) = 0, it follows that
E(f 1 
 �f 1 j K(X � X )) = 0 which implies that E(f 1 
 �f 1 j K r at (X � X )) = 0. Hence,the
average

1
N � M

N � 1X

n= M

(T � T)p1(n)(f 1 
 �f 1) � : : : � (T � T)pk (n)(f k 
 �f k)

convergesto zero in L 2(� � � ) as N � M ! 1 . It follows that

lim
N � M !1

1
N � M

N � 1X

n= M

�
�
�
Z

f 0 � Tp1(n) f 1 � : : : � Tpk (n) f k d�
�
�
�
2

= 0 :

and this completesthe proof. �
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Proof of Theorem 1.2. By Lemma 4.3, we can assumethat X = K. Sincethe systemis
ergodic and coincideswith its Kronecker factor we can assumethat T is a rotation on a
compact abelian group G. Every compact abelian group is an inverselimit of compact
abelian Lie groupsand so using an easyapproximation argument, such as the oneused
in [1] (seepage296), we can further assumethat G is Lie.

Supposenow that G is a compact abelian Lie group with Haar measurem and that
T : G ! G is given by T(g) = g + a for somea 2 G. For j = 0; : : : ; d we have that
pj (n) =

P d
i=0 ci;j

� n
i

�
for someci;j 2 Z. We construct the advertised transformation

S: Gd ! Gd and the continuous function � : Gd ! C as follows: S is de�ned by

S
�
g1; g2; : : : ; gd

�
=

�
g1 + a;g2 + g1; : : : ; gd + gd� 1

�
;

and the continuous function � is de�ned by

� (g1; : : : ; gd) =
Z

f 0(g) �
kY

i =1

f i (g + ci; 0a +
dX

j =1

ci;j gi ) dm(g) :

Note that S is unipotent sinceall its eigenvaluesare 1. It is easyto check that

Sn (0; : : : ; 0) =
� �

n
1

�
a; : : : ;

�
n
d

�
a
�

;

and so

�
�
Sn (0; : : : ; 0)

�
= �

� �
n
1

�
a; : : : ;

�
n
d

�
a
�

=
Z

f 0(g) � f 1(g + p1(n)a) � : : : � f k(g + pk(n)a) dm(g)

=
Z

f 0 � Tp1(n) f 1 � : : : � Tpk (n) f k dm = an :

The system(Gd; S) is topologically conjugateto a d-step nilsystem, meaningthat there
exist a d-step nilmanifold H=�, an a 2 H , and an invertible continuous map � : Gd !
H=� such that S = � � 1 � Ta � � , whereTa is de�ned by Ta(g�) = (ag)�. It follows that

�
�
Sn (0; : : : ; 0)

�
= � 0(Tn

a x0)

where � 0 = � � � � 1 is a continuous function on H=� and x0 = � (0; : : : ; 0) 2 H=�. This
completesthe proof. �

We illustrate the construction of this proof with an example:

Example. Supposethat k = 2 and p1(n) = 2n + 1, p2(n) = n2=2 � n=2, G = T, and
T : T ! T is given by T(t) = t + � (mod 1) for someirrational � 2 T. Then

an =
Z

f 0

�
t
�

� f 1

�
t + (2n + 1)�

�
� f 2

�
t +

�
�

n
2

�
�

�
n
1

�
�
�

�
dt ;
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S: T2 ! T2 is de�ned by
S(t1; t2) = (t1 + � ; t2 + t1) ;

and � : T2 ! C is de�ned by

� (t1; t2) =
Z

f 0(t) � f 1(t + � + 2t1) � f 2(t � t1 + t2) dt :
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