7361 Homework 2 Solutions Fall 2005

1. Let v: [0,1] — C be the path given by ~(t) = t + it?sin(1/t?), v(0) = 0.

(a) Show that v is continuously differentiable on (0, 1], and has a (one-sided) derivative
at t = 0.

v(t) = 1+ 2itsin(1/t?) — 2 cos(1/t?) exists and is continuous for ¢t > 0. At t = 0,
limy, g+ M = limj,_,+ (1 + ihsin(1/h?)) = 1, so the one-sided derivative exists at 0.

(b) Show that « has infinite length.

If t,, = 1/\/m(n+.5) then im~(¢,) = :I:m with sign + if n is even and — is n is odd.

Thus |[v(tn) — Y(tn+1)| > % Hence the length of v is at least Y |v(tn) — v(tnt1)| >

. n+.5)"
Zn w(n+.5) = ©00.

[This shows that we need smooth curves not only to have a derivative at the endpoints,
but that the derivative must also be continuous at the endpoints.]

2. Show that
sin(2m/7) + sin(4n/7) 4 sin(87/7) = V7/2.

[Hint: Let w = €2™/7 and consider a+b and ab where a = w+w?+w?* and b = w3 +w° +w ]
a+b=w+w?+wd+ot+®+ul = (w—-w)/(1-w). But o’ = ¥ = 1, s0
a+b=(w— 1)!(1 —w) = —1. Similarly ab = w'+w® +w"+ 0w’ + W + WP+ W +w? + w0 =
3+ (WS +w+wt +w?+w?) =3—1 = 2. Nowa = 2/b,so a+2/a = —1, and a®>+a+2 = 0.
Solving this quadratic gives a = — & gz Since w™ = cos(2mn/7) + isin(27n/7), the sum
of sin’s is the imaginary part of a. Thus this sum is +/7/2. A simple estimation shows that
it is also positive (e.g., sin(4xw/7) > 0 and sin(27/7) +sin(87/7) = sin(27/7) —sin(7/7) > 0
since sin(7/7) < sin(27/7)).

3. Define the Fibonacci numbers (1, 1, 2, 3, 5, 8, 13, 21, ...) by ap = a; = 1, and a,, =
p—1 + an—o for n > 2.

(a) Show that f(z) = > -7 janz" has a strictly positive radius of convergence R. [Hint:
show a,, <2"]

By induction on n, ag = 1 < 20 a1 =1<2'. Forn>2 a, =ap_1+an_o <27 14272 =
3.2"72 < 2", Thus a, < 2" for all n > 0 and 1/R = limsup |a,,|"/" < limsup |2"['/™ = 2.
Hence R > % > 0.

(b) Show that f(z) = —2— for |z| < R.

1—2—22

(1—2—-22)Y an2" = (ap+ a1z + a2’ +azz® +...) — (apz + a122 + agz® +...) — (apz? +
122+ ...) = ao + (a1 — ag)z + (a2 — a1 — ag)2® + -+ + (an — Gp_1 — Ap_2)2" + -+ =
1+ (1—=1)2+02%2+--- 402"+ --- = 1. This calculation is valid inside the minimum of
the radius of convergence of 1 — z — 22 (infinite) and the radius of convergence of > a,,2"
(= R). Thus f(z) =1/(1 — z — 2?) for |z| < R.

a
—Qz

(¢) By writing 1_21_22 =7
expression for a,,.

+ 1fﬁz for suitable constants a, b, «, G, find an explicit



- + 1—bgz = (“(Jl“f)a_z()‘z’ffgj))z so we need (1 —az)(1—82) =1—2—-2% a+b=1,

127\/5. Say a = 1+2‘[, ﬁ 1= ‘[ , then

af + ba = 0. Factoring the quadratic gives a, 8 =
ala —B) =a,s0a =a/V5,b=1—-a=—F/V5 Nowa/(l —az) = anoaa 2" for
|z] < 1/|af, and b/(1—Bz) = > 07 bf"2" for |z| < 1/|B]. Thus Y a,z™ = (ac™+bs")z"
if |z2| < min(R, 1/|a|,1/|8]). By uniqueness of the Taylor series

a, = aa”™ + 4" = \}g <<1+2\/5>”+1 B (1_2\/5>n+1>

(d) What is the radius of convergence R?

Clearly converges for |z| < min(1/|al,1/|8]) = 1/, but does not converge for z =1/, so
R=1/a= @

. Assume t > 0 is real. By integrating e=**/2 around the rectangle with vertices +R, £ R+1t,
and then letting R — oo show that

_ —t2/2
\ﬁ/ 2 cos(tx) dz =
[You may use the fact that [~ e™* 2 = \/or ] 1
Let '
m(s) = s, —-R<s<R; - o
v2(s) = R+is, 0<s<t;
73(8) = s+, —-R<s<RHR; -R Y1
v4(s) = —R+1is, 0<s<t.

—22/2

: : —22/2 — —22/2 —
is analytic everywhere, fﬁﬂ g € dz = 0. Now f’Yl e dz =

fﬁRe_Sz/st — V27 as R — oo. Alsoif 2 = +R +is, 0 < s < ¢, then |¢e *"/2| =
|6—R2/2:|:Rsi+s2/2| — ¢~ R?/2+5%/2 < e—R?/2+*/2  Thus |f72! |f74| < te~R2/2+3/2 () a5
R — co. Finally f% = ffR e= 57/ 2mistH2 /2 g — ot?/2 f}f e~*/2¢=i2 dz which must tend to
V21 +0+0 as R — oo. Thus ffooo e e~ gy — \/ome /2. Taking real parts and
dividing by v/27 gives the result.

Then since e

. Let f(z) =co+c1z+ -+ + cp2™ be a polynomial. Show that

1 2T n
1 .
[ @i < [Tine R =n Y je
-1 0 k=0
[Use Cauchy’s Theorem (twice) for the <, and direct calculation for the =.]

Let
Yo(t) =

‘) fﬂ
T(t) = 6” 0<t<m
~a(t) —et, m<t<2m. B
Then v + v1 and g — 2 are closed curves. 7

Hence f_llf(x)Qd:U—f f de——f f(z 2dz—f72 f(2)?dz

Now ]fvlf(z)zdz\ ’fo e)2iettdt] < fo | f(ei)|2dt.
&mﬂmmyﬁmfgﬁdﬂfgﬁ”v eit)[2dt.

Thus \fl f(x)*dz| = %|f71f 2dz]—|—%\f72f (2)%dz| < % 2”\]‘( )2 dt.
Now |f(e't)]> = O, cke”“t)(z cjeiit) = Z & CKCje" k=3t But f27r int — ;l emtzm = 0 if
n # 0 and is 27 if n = 0, so 2f |f(e)? = 33, 2meper, = 7Yy el

—1<t<1;




