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Abstract

Let P be a Poisson process of intensity one in a squai®, of arean. For a xed
integer k, join every point of P to its k nearest neighbours, creating an undirected
random geometric graphG.x. We prove that there exists a critical constant Cgit
such that for ¢ < Cerit, Gp;iclognc IS disconnected with probability tending to 1 as
n!l ,and forc > Ceit, Gnhclogne IS cONnected with probability tending to 1 as
n!l . This answers a question posed by the authors in [1].

Let P be a Poisson process of intensity one in a squas of arean. For a xed
integer k, we join every point of P to its k nearest neighbours, creating an undirected
random geometric graphGs,.« = Gn.k In which every vertex has degree at leadt. The
connectivity of these graphs was studied by the present authors [1]. It is not hard
to see that G,x becomes connected arounll = (log n), and we proved in [1] that if
k(n) 0:3043logn then the probability that G, is connected tends to zeroas!1
while if k(n)  0:5139logn then the probability that G,. ) is connected tends to one
asn!1l . However, we were unable to prove the natural conjecture thdhere exists a
critical constant ¢yt such that for ¢ < Cgt ,

P(Gh.clognc IS connected)l 0

and for ¢ > cgit,
P(Gh.clogne IS connected)l 1

asn!l . In this paper we prove this conjecture.
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Figure 1: Regions used in de ning\y, A2, By, BY.

Central to the proof is the observation that, while there are a isolated vertices in
Gnk, the obstructions to connectivity are nonethelessmall More precisely, we have the
following lemma, which is immediate from the proofs of Lemnsa2 and 6 of [1].

Lemma 1. For xed ¢ > 0 and L, there existsc® = c{c;L) > 0, depending only on
c and L, such that for anyk clogn, the probability that G,x contains two cpmponents
each of (Euclidean diameter at leastc” logn, or any edge of length at lea logn, is
O(n 4.

This lemma enables us to restrict attention to \local" eventsywhose probabilities we will
estimate. Although heuristics and numerical evidence suggestdthe actual obstructions
to connectivity arise far from the boundary ofS,, we were unable to prove this in [1].
Therefore we must consider the following two pairs of familiesf events.

Let M be a large integer, which we will choose in a moment. IDFor the, rgpair, we
consider a Poisson proce$%s of intensity one in the squareS = | %M k; 1M~ Kk]? of area
M 2k centred at the origin, and construct the random graplGsx = Gy z¢x as above. The
eventAy occurs whenGsy contains a component all of whose vertices lie within the ceal
squareS°= S = f% : x 2 Sg of areazM %k, and the eventA occurs whenGsy contains
a component all of whose vertices lie within the central squa@™= 3S = f 3¢ : x 2 Sg of
area M 2k.

For th% second f%nily, IebP_R be a Poisson process of intensity one in the square
R=[0;M k] [ sM k;3M k] of areaM 2k, and join every point of P to its k nearest
neighbours to form the random geometric graplGr.x. The event By occurs whenGg.
contains a component all of whose vertices lie within the squaR®= iR, and the event
B? occurs whenGgy contains a component all of whose vertices lie within the remmgle
R%= 3R (see Figure 1).

We now discuss the choice &fl . It should be large enough to ensure that the probability
of seeing a long edge or two large components (relative to theesbfS or R) is much smaller
than the probabilities of the four events above. Specicall we shall chooseM so that
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P(Gnx contains two components with diameter greater thagM = k) = ofe )

(see Lemma 4 and Corollary 6). Now we may assume, from the results [i], that
0:30logn <k < 0:52logn, so that

p_— P ——
n®=oe% and I k>3 logn:

Therefore, using the notation of Lemma 1, it will be enough toake
M = maxf 15cY0:3; 5); 40g:

From now on, no more reference will be made to the choice Mf.
Our rst target is to estimate py(k) = P(Ak) and po(k) = P(By). Speci cally, we will
show that
m(k) = e (it (DK gnd max(.(k): p2(kK)) = e (co+ O (1) k-

De ning
f1(K) = |09pk1(k) and fo(k) = |09Fi)<2(k);
we will prove the following.
Theorem 2.
CL = Li!rlrl fi(k) and ¢, = II(i!rln minff 1(k);f.(k)g exist.

The proof of this theorem, given in the next section, will ocquy most of the paper.
Having established it, two straightforward tiling arguments wil complete the proof of the
conjecture. The main idea in the proof of Theorem 2 is that, faa xed "> 0, there is a
decomposition of the probability space o6sk (or Gry) into a nite set F (") of disjoint
events or con gurations, such that the knowledge of which con guration occurs almost
always determines \up to"" whether or not Ay (or By) occurs. Once we have this set of
con gurations, we can accurately estimate the probability oeach one using the following
lemma, which is Lemma 1 of [1]. (The proof of the lemma is just ansple computation.)

Lemma 3. Let Aq;:::; A, be disjoint regions of R> and ;:::; ; 0 real numbers
such that jAjj 2 Z. Then the probability that a Poisson process with intensity has
precisely ijAij points in each regionA; is

e )
P
exp (i 1 ilog i)jAij+ O(rlog,  ijAij)
i=1

with the convention thatOlog 0 = 0, and log, x = max(log x; 1).
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Figure 2: The regionsD,, D3 and D5 used in the proof of Lemma 4.

One of the con gurations for whichAy (or By) occurs will dominate, in the sense that
it will have the highest probability of all such con gurations, and we will be able to read
o the value of ¢; (or ¢,) from it.

1 Proof of Theorem 2

Let us x k and estimatep;(k) = P(Ax) and p,(k) = P(Bk). We will consider very ne
discretizations of the square region® and S (both of area M 2k). In the following, we
will frequently have to neglect certain \bad" events. We must sbw that the probability
of each of these events is negligible compared to thoseAqfand B. For this we will need
lower bounds onp;(k) and p.(k), or, more precisely, upper bounds on limsyp fi(k)
and limsup,,; f2(k). Such bounds are provided below. We follow the method of [1]
although a version of this lemma (with larger constants) was ohined earlier by Xue and
Kumar [2].

Lemma 4.
limsupfi(k) 8 and limsupf,(k) 8
ki1 ki1

Proof. Consider a con guration of three concentric disc®,, D3 and Ds, of radii r, 3r

d o respectively, wherer ? = k +1 (see Figure 2). Since the diameter dDs is at most
8 kandM 40, one can choose the centre of the discs so that all the discs hrely
within the central square S° (or R9. Call the con guration bad if (I) D; contains at least
k + 1 points, (I) the annulus D3 nD; contains no points, and (Ill) the intersection of
Ds n D3 with any disc of radius 2 centred at a point P on the boundary ofD3 contains
at leastk + 1 points. Now if the con guration is bad, then Ay (or Bi) will occur, because
the k nearest neighbours of a point irD; all lie within D; and the k nearest neighbours
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of a point outsideD3 all lie outside D;. (Otherwise, there would be a pointx outside D3
and a disc centred atx touching D that contained fewer thank + 1 points. But this disc
contains a disc of radius 2 about some point on the boundary oD 3, contradicting (I11).)
Hence there will be no edge connecting a point insid¥®; to a point outside D;. Condition
() holds with probability about 3 (in fact, slightly more than 3), and condition (I1) holds
with probability e 8k*1 . Now consider Condition (l11). Note that there is an" > 0 such
that any disc of radius (2 ")r around any point x on the boundary ofD3 intersects the
annulusDs nD3 in a regionDy of area 2k + 1). It follows from the concentration of the
Poisson distribution (see for instance Lemma 5) that the probalify that D, contains less

point of the boundary of D3 is within "r of somex;. Clearly we can choosé = d3 =" ¢, so
that t is independent ofk. Hence the probability that any D, contains fewer thank + 1
points is oc(1), but any disc of radius 2 about x contains a disc of radius (2 ")r about
somex;. Thus the probability that any such x exists with the disc of radius 2 about
x containing fewer thank + 1 points is oc(t) = o«(1), and so Condition (III) holds with
probability 1  ok(1). Since the events corresponding to conditions (1), (I1) =d (I1l) are
independent,py(k); p2(k) e @*xWk gand the result follows. O

Recall that in the last section we de ned four families of evestA,, A2, B¢ and B{.
We are only really interested inAy and By; the eventsA? and B? arise only because of a
technicality, and it will be convenient to prove a simple lemra (Lemma 7) about them at
the outset. Before we do this, it will be convenient to prove a sipte lemma bounding the
Poisson distribution, and deduce a bound on the edge lengths Gxy.

Lemma 5. If > 1then
P(Po(A) A) el 1 o)A

If < 1then
P(Po(A) A) gl 1 log )A.

Proof. Let X  Po(A). Then
b
E( X): nA_neA:e( 1)A:
n=0

Therefore if > 1 then

P(X>A) E(X A):e( 1 log )A;
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and if < 1 then
P(X<A) E(X A):e( 1 log )A:

O

Corollary 6. For any m with M 2k ~nand03logn Kk, the probability that
Gmyx contains an edge of length at leagtM ~ k is o(e ).

Note that this does not quite follow from Lemma 1, since reducinthe area of the
square, and hence the number of vertices, could in principleciease the number of long
edges in the remaining graph.

IBrgof. prﬁgme vertexv of G« has its k" nearest neighbour at a distance more than
%M k 5 Kk, then there must be fewer thank points within a quarter-disc of area
225K > 1% inside Sy,. (We need to consider quarter-discs sinaemay be close to a corner
of S,,. The lower boundM 2k  m ensures that the quarter-disc ts.) By Lemma 5, this
occurs with probability at most =19 1 (1=19)leg(1=19))1%k « @ 15 The expected number of
vertices where this will occur is thusO(me %) = o(e *) sincem n &3, Thus the
probability that Gn,x contains an edge of length at Ieas%M k is o(e %). O

Lemma 7.
P(A)  P(AY)  (4+ o(1))P(AL);

P(Bk) P(BY) (2+ oc(1)(P(Ak) + P(By)):

Proof. Both lower bounds are immediate. For the rst upper bound, x aPoisson
process with intensity 1 in the squareS, of arean centred at the origin. Let T be the
square of side IengthEM k, also centred at the origin. Note that for su ciently large k
and 03logn k 0:52logn, T S,, so we shall assume this in the following.

\bad" events. Let E; be the event that G, contains two components of diameter greater
than %M k. By (1) we know that P(E;) = o(e %). Let E, be thepevent that some edge
in either Gp or in one of the Gg,  is of length greater than%M k. By Corollary 6,
P(E,) = o(e %). Finally, let E; be the event that there is no ﬁomponent irGnx with at
least one vertex outside of and with diameter greater than%M k. Note that if we divide
some squareS in S, of areaM 2k into (8M )? small squares, each of side Iengt§1 k, then
with probability bounded away from zero (independently ok), there will be at least one,
and at most % vertices in each small square. But then it is easy to see that evevgrtex
in a small square is adjacent inG,x to every vertex in any neighbouring small square,
provided these squares are at least distance k from the boundary of S (see Figure 4).
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In this case, there will be a large component d&, intersecting S. Since we can place
( n=k) = ! (k) independent copies of in S,, all avoiding T, we see thatP(E3) = e ' (.
In particular, P(E3) = o(e *).

Assume the eventA? occurs, i.e., there is a small compone@ of Gy inside S= 2sS.
Assume also thatE = E;[ E,[ E3 does not hold. ThenC must also be a component (or
a union of components) inG,, since the addition of vertices outside o6 will not cause
any new edge to form withinS, and no vertex outside pr_S can be joined to a vertex in
S% since this edge would be of length greater thagM ~ k in Gy SinceE; and E; do
not hold, there is no component of5,.« of diameter greater than%M k entirely within T.
Thus C is of diameter at mostf—lsM k. SinceC lies insideS® it must lie entirely within
at least one of the four translatesS? of S° corresponding to theS;. (For example, if C
contains any vertex in the top left quadrant ofS® then the whole component must lie in
S? in Figure 3.) No edge occurs irE(Gs, ) N E(G,x) between vertices withinS® since
otherwis% t_here would be an edge from a vertex 8 _Sn nS; in Gn of length greater
than %M k. Since no edge oGs, « is longer than%M k, no such edge joins a vertex in
S°to a vertex outsideS® Thus C remains a component inGs,  and lies entirely within
S° Hence one of the eventé corresponding to the four copiesS; of S occurs. Thus
P(A2nE) 4P(Ay) and soP(AQ)  4P(Ay)+ P(E). But P(E) = o(e %), so by Lemma 4,
P(AD)  (4+ o(1))P(AL).

The upper bound forP(B?) is similar. In this case, the square§ and S, are both
aligned so as to share part of their leftmost boundaries witR (see Figure 3). The region
R%is covered by four central squareRY, RY, S, and S9, of the four squaresR;, R, Sy,
and S,, all of which lie in T. There are two possibilities. Either our small component
in R%lies in the left half of R, and hence in one of thaRk?, an event which has probability
at most (2 + o«(1))P(Bk) by an argument similar to the one above. The other possibility
is that the small component strays into the right half ofR, and so lies in one of thes’, an
event with probability at most (2 + o(1))P(Ax). This proves the lemma. O

Now we will restrict attention to Ay, pi(k) and f1(k). Fix0 <" < % and M and choose
N=N"M) 2_: We will considerk  M;N to be a very large xed integeﬁ Now
tlethe M k M k squareS, centred at 0, with (MN )2 squares of side length= = k=N
and hence area? = k=N?2,

Next we wish to de ne acon guration. For a xed instance of Ps, we label each small
squareS; with the approximate densityd(S;) of points in Sj, whered(S;) is de ned precisely
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T (solid thin line, only S; shown). The smaller squares? (solid thin line) then cover S®
(dotted line). The squareS (dashed line) is also shown. Right: corresponding picture for
B?, with R%(dotted line) covered by squares); S9; RY; R (only S? and RS shown).

by the formula

8
20 if S contains no points ofP

ds)= WNrke jf 5 containst points of P, wherer  k 2)
1 if S; contains more thank points of P,.

We call such a labelled squar& a con guration F, and we say thatPs has (or belongs
to) type F. Note that the total number of con gurations is exactly

(N3 +2) (MN)?

The aim is that the con guration F should contain enough information aboufPs to de-
termine whether or not Ay occurs up to a small error, while the set of all possible con g-
urations is nevertheless nite.

The next step is to identify a set of undesirable, obad con gurations, and discard
them. Of course, we are really discarding all instances &s which belong to a bad
con guration, but we will think of discarding the con gurati ons themselves, and speak, for
instance, of the measure of a sét of con gurations when we mean the probability that
Ps belongs to somd- 2 F .

For an instancePs of the Poisson process i8, let F (Ps) be the con guration it belongs
to. There will be two types of bad con guration in total.

Type A. These are con gurations which contain a squar&; with d(S;) > N 2=21. (We
may assume that 21 divideN so that N2=21 is an integer.) In this caseS; contains at
least k=21 points. Lemma 5 shows that the probabilityp, that we have such a square
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anywhere inS is bounded by

Pr (MN)?P(Po(k=N?) k=21)
(MN )ZekzNz(N2=21 1 (N2=21)log N 2=21)

< (MN )Zek(l log N 2=21)=21 _ O(e 9k);

as long asN > (21e!99)1=2,

Type B. We consider the set of circles whose centres are centres of smsdjuares and
which pass through at least one other centre of a small square ofrailing. Clearly,
i i (MNQ* Foreach 2 ,let R be the set of squares that lie entirely within

distance g 2 of , where ~ = ~ k=N is the side length of the small squares. Type B
con gurations are those for which, for some 2
k X "k
Nz ds) 5 ®3)
Si2R

Write ¢() and r() for the centre and radius of , and let, ' be the circle with centre
o() and radius r()+ t. Then sincejS\ ! j @$=4M k for all t r(), we see
that the areajR j of eachR is at most
Z+5‘=p§ Z+5‘=p§ p_ p_ p_
(S\ Y dt AM kdt=(5" 2)(4M k) < 30Mk=N:
53 53

R ]

Thus eachR contains at most 3SMN squares. Therefore, if (3) holds for somR@
then that R contains at least

"K 3av|k_k1 30M
2 N2 2 N2

points. Thus forN  N(";M ) = (180M=")**2, the R chosen above must contain at least
% points. Thus by Lemma 5 the probabilitypg that P, belongs to a Type B con guration
is bounded by

ps (MN)*P(Po(30Mk=N) "k=3)
(MN )4e™ v (o 1 sow 9 (sowr))

< (MN )“e%(1 log(gom)) = o(e *);

as long asN No(";M). We shall also assumeN N3(";M) = M?2=2" for the next
lemma.
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Lemma 8. Suppose thaf is a good con guration, thatS; and S, are two squares in
S, and that P and P° are two point sets belonging té. If there is no edge inGs(P)
from any vertex in S; to any vertex inS,, then there is no edge irGsxa -(P9 from any
vertex in S; to any vertex inS,.

Proof. If either S; or S, is empty in P then the same square will be empty iP° so
that in both cases there will be no edges fror8, to S,. Otherwise, pickx; 2 P\ S; and
X, 2 P\ S,. Suppose for a contradiction that there arg; 2 P°\ S; andy, 2 P S, such
that yi1y> 2 E(Gka (P9). Without loss of generality, y, is one of thek(1l ") nearest
neigppours ofy;. Let z; and z, be the centre points ofS; and S, respectively and let

T = Wk be the side length of tBe small squares. LetF:) kz, 2k be the distance between

zzandz. Nowkz, yik 3 2,andkz; xik 1 2, so
B(x1;kx, x:k) B(xy:d+ ‘pé) B(z;;d+ g‘pé)
and p_ p_
B(yisky2 yik) B(yud ° 2) B(zud 27 2)

whereB (X; rF) denotes the disc or radiua about the point x. Now, every square that r’Beets
B(z;d 3" 2)lies ingideB (z,;d $~72), and every square that meet8 (z;;d+ 3 2)

_ 2 J—
lies insideB(zy;d+ 3 2). Let Ro be the union of the squares meeting (z;d g\p 2)
and let 2 be the circle through z, %pgtred atz;. Re ﬂ that R consists of all the
squares strictly contained inB(zy;d+ 3 2)nB(z;;d 27 2). Therefore

Ro B(yi;ky2 yik) and B(X1;kx, x3k)  Ro[ R :

But B(y1;ky> y:K) (and henceRy) contains at mostk(1 ") points of P°and R contains
at most "k=2 points of P?, sinceF is not of Type B. ThusRy[ R contains at mostk(1 "=2)
points of P2 Since no square had(S;) = 1 (becauseF is not of Type A), this implies
Ro[ R (and henceB(x1;kx, Xx;K)) contains at most

k(1 "=2)+(1=N)jRo[ Rj k(1 "=2)+(1=N)M23k <k

points of P. Thus X, is one of thek nearest neighbours ok, in Gs(P), contradicting the
assumption that Gs.(P) contains no edge betweef; and S,. O

Let F be a set of con gurations. Writel (F) for the event that P belongs to some
F 2 F . Also, let G be the set of good con gurations.
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Figure 4: Any two points in the centre square are joined iiGs,, provided there are not
more than k points in the union of the 21 squares shown.

Lemma 9. There is a subsety G of con gurations such that
AN T(Q) 1Y) Ay o\ 1(O):

Proof. Set
Y=fF2G:A\ I(fFQ) 6 ;0;

so that
A\ 1(G) 1Y)

automatically holds. Suppose thaP belongs to a good con guratiorF. If Ay occurs then
A‘k’(1 .y occurs for everyP°belonging to the same-. For suppose thatP is a point set for
which Ay occurs, and letT be the set of squares d& containing a point of the component
%Iylng within S% SinceF is not of Type A, there are less thark points within distance
2= 2k=N of any point of P, and hence any point of® in any square of our tiling is
connected to all other points o in the same square (see Figure 4). Hence there is no edge
in Gsk(P) from any square ofT to any square ofSnT. By Lemma 8, for anyP °belonging
to F there is thus no edge inGyu -(P9 from any square ofT to any square ofSnT.
Therefore, there is some component contained ih in Gy - (Plg) This comanent FLles
within the enlarged central regionS°for the eventA}, .,, since k(1 ")> 3 k+
for " < 1 and largeN. Therefore, Ak(1 .y occeurs for anyPObeIonglng toF. O

Lemma 10. For any good con gurationF, P(I (fFg)) = e (F*oMk agsk 11 |, where
F IS some constant depending oR.

Proof. By Lemma 3 the probability of there being exactly ;(k=N?) points in each
squareS; is
nx 0
exp (i 1 log )jSij+ O(MN )?log((MN )?k))
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where we have used the fact that;(k=N?) < k. To calculate the probability of the
con guration F occurring, we sum over all possible values of eachconsistent with the
speci ed value ofd(S;). Since there are at mosN %k values of ; for eachi, we get
nx o
P(I1(fFg) =exp (v~ 1 ~log7)jSi+ O(MN)?log((MN )%k NZk))

where + is the value of ; that maximizes ; 1 ilog i. (The sum is at least the
maximum, and at most the number of terms Ig 2k)MN)? times the maximum). Now let
9be the real number that maximizes; 1 ;log ; in the range of densities consistent
with d(S;) for any k, so ?= d(S;) whend(S)) 1andd(S) 1=N whend(S;) > 1. Now
ji =i NZ2?=kwhichtendstoOask!1 . Thus the dierence between ~ 1 ~log~
and ° 1 Clog 2is o(1). Hence
nx o}

PI(fFg=exp (7 1 Plog DjSij+ o(M k)

. P :
Setting ¢ = (9 1 Plog 9(1=N?) gives the result. O

Lemma 10 implies
P(1(Y)) = e (*omk

where
=min f;
VN
since, loosely speaking, the sum of a nite number of (essentiallgkponential functions
is (essentially) equal to the one among them with the least decagpte. Therefore, by
Lemma 4, Lemma 7 and Lemma 9,

@+ oD)p(k@ ™) e (W pik) oe *)= pi(k)(L o1)):

Finally,
- - log((4 + o(1))pu(k(1 ")) k
I fi(k) =1 - :
and log(p(k)) K
_ o og(p: _ .
Ilmlnf fi(k) = |Irlp!1lnf ” ” ;
By letting " ! 0 we see thatf ;(k) converges to a limitc;.

Now we turn to c,. We may reuse the same con gurations and good con gurations to
obtain a version of Lemma 9 (with an almost identical proof) wh Ay, and A‘k’(l . replaced
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by By and Bg(l . respectively. Lemma 4, Lemma 7 and Lemma 9 now give, for some

=),
@+ oW)(Pu(k(L ")+ pa(k(L ")) e TR (k) ofe *) = pa(k)(1 o))

Hence
(4 + o(1)) maxfpi(k(l "));p2(k(T "))g pAk)T  0(1));

and so o
limsupminffy(k);f2(k)g min 1 -G
k!l
and
”Eﬂli”f minff,(k);f2(k)g minf %cg:
By letting " ! 0 we see that mimf,(k);f,(k)g converges to a limitc,.

2 Proof of main theorem

Write cgir = maxfL; Lg.

c1’ 2c

Theorem 11. If c<cgir and k = bclognc then P(G,« is connected! Oasn!1l
If ¢>cqir and k = bclognc then P(G« is connected! lasn!1

Proof. We prove the lower bound rst. Suppose thatc < ¢y and k = bclognc. We
place ( n=logn) disjoint squaresS (of area M ?k) in the interior of S,, and we place
( = n=logn) disjoint squaresR (also of areaM 2k) along the boundary ofS,, with the
squaresR°lying along the boundary ofS,. Let P be a Poisson process of intensity one 8,
and consider the restriction ofP to one of the squaresS;. With probability e (c1+oWk g,
now contains a small component near its centre, and, by choioé M, such a component
would almost certainly remain a component inG,x. The probability that none of the
squaresS contains a small component (in the respective restricted grapimear its centre
is

pfail - (1 e (c1+ o(l))k)Anz logn

< expf A(n=logn)e @*°Mkg
expf Anl 0(1)+( c1+o(1)) Cg | 0’

by independence, itc < 1.
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Note that if ¢; = ¢, we are done. Suppose then that, < c;, and consider the
restriction of P to one of the squaredR;. With probability e (*°Wk R, now contains
a small component in its regionR?, and, again by choice oM, such a component would
remain a component inG,.x. The probability that none of the squaresk contains a small
component (in the respective restricted graph) lying irRCis

Pl =(1 e (Cz+0(1))k)l3(n=|09n)1:2

< exp( B(n=logn)*?e (©2*obk)
EXp( Bnl=2 o(1) (C2+O(1))C)! 0;

by independence, as long asc, < 1=2. Hence, if eithercg < 1 orco < 1=2, i.e., for
C < Cqit » Gnk Will be asymptotically almost surely disconnected.

For the upper bound, suppose that > c.; and that k = bclognc. For notational
simplicity, we assume thatc, < ¢;. From tgeﬂ)of of Theorem 13 irb [1]_,the probability
that G, contains a component of siz&®(" logn) within distance O(" logn) of a corner
of S, isn°®3 X whichtendsto O asn! 1 . Suppose then that there exists such a small
componentH far from a corner. Qne can tileS, with ( n=logn) overlapping squares
S and the boundary ofS, with ( ~ n=logn) overlapping squaresR such that H lies in
one of the regionsS® or R of these tiles. (In the overlapping pc,cheme, the centres of the
S-tiles form a lattice with horizontal and vertical spacing%M k, and the boundary of
the R-tiles that contain O lie on the perimeter ofS,, at intervals of %M k.) Therefore,
the probability of such a componentH arising is at most the expected number of tiles for
which Ay (for an S-tile) or By (for an R-tile) occurs. But for ¢ > ¢, this expectation is
equal to

A(n=logn)e @+ + B(n=logn)¥2e (©2*oWk = o(1):

HenceG, is asymptotically almost surely connected. O
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