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1 INTRODUCTION We imagine N to be very large, and consider various func-
tions s = s(N).

In 1961, E.N. Gilbert de ned and studied the following First we give a heuristic argument which yields the
model of a random geometric graph, known as thedisc asymptotically correct value of r  for a large range of val-
model or Gilbert model (4). Let P be a Poisson processues ofs. Assuming that the density of points in a small
in the plane of intensity one, and join every point of P to disc of radiuss is approximately constant, the probability
every other point of P within distance r, for some xed that a point at distance r from the origin is an isolated
r> 0. For small r, most points are isolated, that is, not vertex in G can be approximated by
connected to any other points. However, ag increases, the
points form small connected clusters, which then connect e (Ns?_ g Ns%e ’2;
up to each other (asr increases still further), eventually
forming a (connected) giant component which contains a Therefore, provided Rs 1, the expected number of iso-
positive fraction of points in any large region. Loosely lated vertices in D (0) is approximately
speaking, Gilbert derived upper and lower bounds for the > o
smallest_value ofr such that the prob_abnlty of the last ONre e Ns?e rzdr =g 2 g Ns RZ e Ns? . 1
eventuality (also known as percolation) is one. 0

In recent years there has been renewed interest in such
graphs, which are now being used to model sensor net-

works and wireless ad-hoc networks in general. However,ON the other hand, it seems reasonable to suppose, by
for some applications, it is desirable that the initial dis- 2nalogy with other similar problems, that the closest point

tribution of sensors is non-uniform. One such model was t© the origin not belonging to C is, with probability tending
recently proposed by Etherington, Hoge and Parkes (3), in tooneasN !'1 an isolated vertex in G. Therefore we
which the locations of the sensors are modeled as a PoisMay assume that if R > r , there will be at least one
son process whose intensity is given by a two dimensional!SClated vertex in Dg (0). Consequently, if we chooseR so
Gaussian distribution. Such a network might arise, for in- that the expected number of isolated vertices '”Dngg) IS
stance, if the sensors were dropped from an aircraft. one, we mlgrﬁzexpect thatr R. Hence, ifN *
Speci cally, Etherington, Hoge and Parkes de ned the S (0gN) =,
following random geometric graph G = G(N; ;s ). We
start with a Poisson process inR? with intensity at radius
r given by ., One approach to proving rigorous bounds for is to ap-
(r)= ZN—ze =2 ply methods and results for the relateddisc model Gs(A),
described above for the casé = R?. Here, given a region
A R?, we consider a Poisson process of intensity one in
A, and join each point to all other points within a radius
s to obtain Gs(A). We have the following result of Gupta
and Kumar (5), which was proved for the squareSy of
areaN by Penrose (6).

When R r , there will be no isolated vertices inDg (0).

r2  log(Ns?=log(1=5%)): )

for some constant . In addition, place a point at the

origin, so that the expected total number of pointsisN +1.

Then connect each point to every other point at distance
less thans. We now ask two questions. First, what is the
largest value ofr such that every pointin D, (0), the (open)
disc of radiusr centered at the origin, is joined to every
other point of D (0)? Second, what is the smallest value Theorem 1. Let Ay be a disc of areaN, and let s =
of r such that D, (0) contains all the points of C = C(0), s(N) satisfy s2? =log N + ! (1). Then whp Gs(Ay) is
the component of G containing the origin? (C(0) consists connected.

of all the points of G that can be connected to the origin.) ] _ ) )
Formally, we de ne However, it turns out that applying this result yields

only the weak bound
r =supfr:D;(0)\ V(G) V(C)g;
P (01 V(©) (©)g r2 & log(Ns?=logN): (3)
and —inffr oV D ] A heuristic explanation is as follows. For the result of
r+ =inffr:V(C) (0)g: Gupta and Kumar, the obstruction to connectivity is the
In this paper we derive lower and upper bounds forr existence of isolated vertices, and it seems reasonable to
and r. , for various ranges of values of. Sincer andr, Suppose that this is also true for our model. If we choose
are random variables, our bounds will only holdwith high SO that the probability that a vertex is isolated is o(N 1),
probability (whp ), that is, with probability tending to one  then the expected number of isolated vertices isp(1), so
asN !'1 . By a uniform scaling of R2, we may without Whp there are no isolated vertices and (by the above fact)

loss of generality x 2 =1=2, so that the density of points Whp Gs(A) is connected. For our model, even if we choose
is given by r so that the probability that a vertex at distance r from

(= Ne r2. the origin is isolated is ( N 1), as in (3), then the only
' vertices in D, (0) which have probability ( N 1) of being
Copyright ¢ 200x Inderscience Enterprises Ltd. isolated lie very close to the boundary ofD, (0), and there



are far fewer than N such vertices. Consequently, it is
likely that r is somewhat larger than suggested by (3),
and we will argue directly in the proof of Lemma 5 to show
that indeed (2) is much closer to the truth. Nevertheless,
we will use Theorem 1 in deriving a lower bound forr
when s is very small.

Next we turn to r. . For the disc model Gs(R?), with an
additional point at the origin, results from (2) (see also (4))
show that there is a critical density 4:512 so that if
s?< then C(0) (de ned as above) is nite with proba-
bility one, while if s?2 > there is a non-zero probability
that C(0) is in nite. This suggests that whp

s2 (r,)= Ns% '*;

so that whp

ri = O(log(Ns?)); 4)

and we will show in Section 2 that in factr? = ( Ns?)
for a large range of values os.

For Rs 1, the above arguments fail as the density of
points in a disc of radiuss at distance R from the origin is
far from constant. Of particular interest is the value of s
for which G becomes connected. We show that this occurs
when

P— 1 .
2s logN loglogN 3logloglogN:
The main obstacle to connectivity is the presence of iso-
lated vertices that are among the furthest poirBs from the
origin. These vertices are at distanceR logN, so
Rs 1.

2 Precise results

Let rmin and rmax be the distance of the nearest (respec-
tively furthest) point from the origin.

Theorem 2. Dene G = G(N;s),r andr, as above.
Then the following statements hold with high probability.

1. 1If Zsp logN loglogN
G is connected.

logloglogN + ! (1) then

2. If Zsp logN =loglog N %Iog loglogN + O(1) then

ZSp logN
logN,

CloglogN for some C < 1 and Ns?

r2 =log(Ns?=log(1=%)) + 2 sp logN
p
3 log maxf 1; sIO logNg+ O(1)
r2 =log(Ns?)+ (( s logN loglogN)?)
+ O(1):
[If Zsp logN = o(1=loglogN), these simplify to
r2 =log(Ns?=log(1=s%)) + O(1)
r2 =log(Ns?)+ O(1):]

. If Ns2= ClogN for some constantC > 0 then
@if c>1,r2=(Q) ,
(b) if C=1,r? =(1+ o(1))loglogN=logN,
() if C<1,r2=NC *o@®,

In all casesr? =log(Ns?)+ O(1) =loglog N + O(1)
as above.

5. 1f Ns211 thenr =s!1
O(1) as above.

, While r2 =log(Ns?)+

6. If Ns? = C > 0, thenr =shas a limiting distribu-
tion.
(@ If C > |, where is the critical density for

disc percolation, then with positive probability
r2 = (1+ o(1))log(C=). Conditional on this
not occurring r+ =s has a limiting distribution.

(b) If C then r. =s has a limiting distribution.

In both cases there is a positive probability thatr, =
0.

7. If Ns? = o(1) then whp the origin is isolated, so that
I =rfmn and ry =0.

Part 1 of the theorem is proved as part of Lemma 5 in
Section 2.1, and part 2 follows from the remarks following
the proof of Lemma 5. Part 3 is contained in Lemmas 5,
7, 8, and 9, except for the assertion relating tar nax , Which
follows from the remarks following the proof of Lemma 5.
The remainder of the theorem is proved in Section 3.

each of the following events has probability bounded

below by some positive constant:

(@) G is connected,

(b) G is connected except for the furthest point from
0 which is isolated,

(c) G is connected except for one isolated point that
is not furthest from 0,

(d) G has more than three components.

3. If Zsp logN loglogN %Iog loglogN ! (1) then
G is disconnected andr, < r max Whp . Moreover, if

3 General bounds

First we prove two easy bounds onrn,x giving an idea
of the scale of this distribution.

e

Lemma 3.
logN

P(r2 .« logN +
(1) <r2, <logN +!(1).

max

)

e , SO whp

Proof. The number of points outside radiusR is Poisson
distributed with mean Ne R’, and thus the probability
that there are no points further than R from the origin is
exp( Ne R%). The result follows. O



Next we prove some bounds om . Before we do this, we
rst prove a simple lemma concerning the mean number of
points in a disc, which takes into account the variation in
density across the disc.

Lemma 4. Fix a point z of R? at distancer s from
the origin. Then the expected numbeE,s of vertices of G
lying in Ds(z) is given by

Er;s

EjV(G)\ Ds(2)j
Ne O 9°f(r:s) (r;s)

where
n q 0
f(r;s)=min %;

andc

(r;s)

Remark. Numerical calculations show that we can take
¢ =0:3055.

1 for somec > 0 independent ofr and s.

Proof. We can calculate the expected number exactly as

N ZrsiPe= .,
— o e "7 ¥ dydx:
s s x2

We can estimate ZZ eV’ dy = minfp*' Zzg 1(2) where

0<cy 1(2) 1. Wrting x = " the above
expression becomes
Z s o p
&e (r s) e 2(r s) m(u;s) l( 2'g ||2) d"
0
where
", —_ H p - p n n2
m(";s)=minf ;2 2's o}
We can bound the above integral by
Z, r
Qe " S
2 2|| 2(!' S) dll -
0 € 40r )3

Since this integral is dominated by the contribution when
" (r s) 1, this will give the correct order of magnitude
whgpr s 1 s Ls. S|m|!)arly, we can bound the integral
by 1P 2 9 g = a5 and this gives the correct
order of magmwde thns r s 1. We can bound
the integral by ; e » and this gives the right
order when pl r s. Finally we can bound the
integral by 0 °2°2's "2d" = s2, and this gives the
correct order when1 sands ! r s. Thus we have
boundedE,s as required, and shown that the bound is of
the right order except on a compact region inR? , where
the result follows by continuity (see Figure 1). O

3.1 Bounds for r

With the aid of Lemma 4, we can obtain fairly tight
bounds forr .

r-s v
S _
4p(r-s)®

N

1
[Ap(r-s) 6

=

\\

ool

o
=
N
n

Figure 1. The function (r;s). Formulae shown are values
of the minimum in the expression in Lemma 4.

p Lemma 5. Suppose thats = s(N) = o(1) and s

(logN)=N. Then whp

r2  log(Ns?=log(1=5%)) + 2 sp logN
3 log maxf 1; 3Sp logNg 3

Moreover, if

Zsp logN loglogN %Iog loglogN + ! (1)

then G is connectedwhp .

Proof. For any point x at distance r s from O, let
the region A(x) be the intersection of the ball Ds(x) and
D, (0). Note that all of A(x) is closer to O thanx is. Let
Er be the expected number of verticesx within R of O
with no points in the region A(x). If Eg ! 0 then whp
r R sincewhp we can nd a sequence of points joining
any point x 2 D (0) to O.

Now jA(Xx)j j Ds(x)j=3, and since the density of points
is higher in A(x) than in Dg(x) nA(X), EjV(G)\ A(x)j

%Er;s . By Lemma 4, the probability that A(x) is empty is
at most
exp iE (r s)?
P 3Ers exp Ne
n q (0}
provided Smin s?; W , the other two terms

in the minimum in Lemma 4 being redundant when s =
o(1). For r< 3swe cantake = $s?. Then
z 3s )
2Nre '
S
YA 3s
2Nre

(r s)?

Ess e Ne dr

452
Ne dr

S
8Ns2e (=3 o) Ns? :



R set

By assumptionNs?!1 ,soEss! 0. For3s ,
(r ) 4+

£s?min 1;(3Rs) 32 . Writing z = Ne

r

log +2rs s? (note that z is decreasing inr) we have
@ = 2 sNe (9" +2s Thus we havej%j >
Ne ( 9° providedr 3sandNe  9°> 2 Then,
writing

z=Ne ®R 9 4jog +2Rs &% (5)
we have
Z R 2 (r s)Z
Er Ess 2Nre ""e Ne dr
Z?)S
1 2
2 1gr s)2 r2 Ne (9 dz
z
= 2e *dz=2e *;
Zo
so it is enough thatzg!'1 , and
Ne (R 952 (6)
Set R s)?2 = log(N = log(1=¢%)) , > 0. Then
Ne (R 9° =g |og(l=s?) > 2 for small s, and
zo=(e 1)log(1l=s?) +log( =s?)+2Rs s

Now log(=s?) =
log( =s ?)+2 Rs is bounded below. Since > 0ands!
we havezy !'1  as required.
If Rs > 1, then R? = (1 + o(1))log N, so log(=s ?)
Slogmaxf1;3s logNg 25. Thus, taking =0:1,

3 logmaxf 1; 3Rsg + log(c=3), so
01

R? =log(N = log(1=s’)) +2Rs s°

p__
log(Ns?=log(1=s?)) +2s logN
P
2logmaxf1;3s logNg 3;

S 01

andr R singeEr ! 0. If Rs 1 then the same bound
applies since 2 TogN < 0:1 unlessR? = (1+ o(1))log N .

For the last parb set R2 =log N + where is con-
stant. Assume %" logN = loglogN  logloglogN +
, Where 1 , but o(loglogN). Then
2Rs = (1 + o(l))loglogN, so = Y2Rs)!™@R 2 =
( " ToglogN=logN). Thus zo log +2Rs s?>= +
O(1)!'1 . Similarly Ne (R 9% = gog +2Rs  +o@1) =
e *OM 11 | Hencer? logN +
. Thusr >r qnax, SOG is connectedwhp .

whp for any xed
O

This establishes part 1 of Theorem 2. For part 2, sup-

pose that
o QU
2s logN =loglog N %Iog loglogN + ;

where we will initially suppose that is constant. The
proof of Lemma 5 shows that there exists an and C, de-
pending onlyon suchthatEr  C whenR? =log N +
Since the expected number of points at distance greater
than R from the origin is e , E; CO for some con-
stant C° C+ e depending only on . By dividing the

plane into, say, 10C° sectors, we see that there is a large
probability that all the points in any one particular sector
can be connected to a point nearer the origin, since in any
one sector the expected number of points which can't be
connected to a point nearer the origin is at most 01. Since
events in di erent sectors are almost independent, it fol-
lows (by, for example, the Lo\asz Local Lemma) that G is
connected with probability bounded away from zero. On
the other hand, let us estimate the probability p(; ) that

a vertex at distance R is isolated, whereR? = log N +

and is constant. We have
q____
2
p(; )=exp Ne (R 9 ﬁ (R;s)
expn coNe log N +2Rsp§_?
P g P ogleg N
exp ce *?S '°9N7&%°§)
exp cpe = C3:

Hence the probability that the furthest, or second furthest
point from the origin is isolated is bounded below by a
constant. Since these points are likely to be far from one
another, they are isolated almost independently. This, to-
gether with the rst observation, establishes part 2. Fi-
nally, if ! 1 with xed, we see thatp(; )! 1
and sor., <r max Whp, establishing the rst statement of
part 3.

If sis not o(1) ther& G is connected, sor 1 and
v = fmax. If s (logN)=N, the bound for r? in
Lemma 5 is negative, so trivially true. We shall show later
that in this caser = o(1).

We call a point x 2 V(G) isolated if Ds(x)\ V(G) = fxg.
Clearly any isolated point x 6 0 cannot lie in V(C), so
must be at distance at leastr from 0. To obtain an upper
bound for r , we follow the proof of Lemma 5 but instead
estimate E2, the expected number of isolated points within
distance R of 0. We require the following lemma.

Lemma 6. Let EJ denote the expected number of iso-
lated points in G within distance R of 0. If EZ3 ! 1  then
r R whp .

Proof. First note that any two isolated points must be
at least distance s apart. Hence there is at most one iso-
lated point in any square of side length 2=3. On the other
hand, the existence of isolated points in two such squares is
independent if the squares are at distance at leasts, since
the event that a square contains an isolated point depends
only on the process within distances of that square. Tile
R? with squares Sj = [0;2s=3]* + (2si=3; 25j=3). Parti-
tion this collection into 16 classes according to the value
of (imod4j mod4) 2 ZZ. Let Xy, kil 2 Z4 be the
number of isolated points within R of O and in one of the
gauares in class K;1). The Xy are dependent, but still

ki EXk = Eg. Hence there is at least oneXy, , say
Xoo, With EXyoo  E3=16. Now Xyopo is a sum ofin-
dependentbernoulli random variables with mean p;, say.



Thus

Y
P(Xoo =0) = _(1 pi) exp( pi)

=exp( EXyao) exp( E2=16);

soifE3 !'1 , then whp there is an isolated point within
distance R of 0, andr R whp. O

emma 7. Suppose thats P (logN)=N and also that
2s logN (1 ")loglogN for some" > 0. Then whp

r2  log(Ns?=log(1=s?)) + 2 sp logN
p
3logmaxf1;2s logN g+ log(2="):

Moreover, if

Zsp logN  loglogN %IogloglogN (1)

then G is disconnectedwhp .

Proof. We estimate E3 and use Lemma 6. The proba-
bility that x 2 V(G) is isolated is at least exp( Ers)
exp( Ne ( 9% where =minfs?; +mw0 When x
is distance at leastR%+ s from the origin. Hence

Z R 2 (r s)2
E2 2Nre e Ne dr
RO+s
R s 2 2 22
= 2N(z+ s)e 2 22 Se Ne © gz
RO
z R s ) ,2
g 2Rs 2Nze e N¢ 7 dz
RO _
h 22| R s
= g 2Rs 1g Ne
z=RO
- 1g Ws g Ne ®R9% ne R¥
Set (R s)? = log(N = log(1=s%)) , Wwhere < O0is
constant. Consider the case whers' logN = O(1) rst.
TakeR°=0,s0 = s? ThenES e 2Rs log(1=s*)(e 1)
s 2e Ns’ By assumption ons, s 2e Ns*  1=logN ! 0,

and Rg, = O(1), soEZ3 '1 when < 0. Now as-

sumes' IlogN is large. ThenR? = (1+ o(1))log N. Take

RO=(1 "R. NowNe (R 9 = g |og(l=s?) ! 1

Also eR”=dR 9% = (1), so logEQ log 2Rs

e log(1=)+0o(1)=(1 e +o(1))loglogN 2Rs+0(1)

(" e +o0o(l)loglogN!1 for < log".
Now, if (R s)?2 =log(N = log(1=5%))

then

log(Ns?=log(1=5?)) + 2 sp logN
+ o(1);

R2
3 ol T
5logmaxf1;2s logNg

andr R.

For the last part, set R? = log N . Then log +
2Rs! 1 . ThusNe (R 9° = gog +2Rs+ +o(1) | g

Therefore, using the approximation e 1 for small
ES (1 o) leZ®(Ne R Ne R 9
- (1 0(1))(e|0gN R® 2Rs e 52):
If R2 = (1 "R? thenlogN R® 2Rs = "logN +
O(loglogN) soE2 !'1  as required. Since this holds for
all > 0,r <rmx and G is disconnectedwhp . O
This completes the proof of the estimate forr in part

3 of Theorem 2.

3.2 Bounds for r.

Now we turn our attention to r,. In this case we are
interested in the existence of at least one point at distance
R which is joined to the origin.

Lemma 8. Suppose that Zsp logN

r =s!'1  whp. Then, whp,
9
log(Ns?)+ % s logN loglogN

+ O(sp logN +1):

loglogN and

ré

Proof. First assume sp logN loglogN = O(1). Then
the statement reduces tor?  log(Ns?)+ O(1). Consider
the disc Dr (0) where R is given by

R? =log(Ns?) 3

The Poisson process restricted toDg(0) stochastically
dominates a Poisson process iDg(0) with constant in-
tensity (R). Cover the disc with a $luare tessellation
where the squares have side lengtls= 5. The number
of points inside any of the squares which are wholly in-
side Dg(0) dominates a Poisson distribution with mean

= (R)s?=5. Substituting for and R we get

=Ne R*s? = € > 127

The probability that any such square contains no points is
at most e

We compare this process to a site percolation oiz? by
declaring a site to be open if its corresponding square con-
tains at least one point. The site percolation dominates
our process in the sense that percolation in the site model
implies percolation in our model. Sincel e > 07>
pc(site) the probability that some square inside D, (0) is
in an in nite component tends to one, and thus the prob-
ability that the origin in our process is in an in nite com-
ponent tends to one. Thus,whp , the origin is joined to
some point of the process at distance at leasR s from
the origin. Thus

r2 (R s)2 R? 2Rs
log(Ns?) 3 Zsp logN
log(Ns?) + O(1)



Figure 2: RegionsS and A; in the proof of Lemma 8. The

discs shown have radius=2, so that discs corresponding to

adjacent vertices overlap. With high probability, at least

one of the columns of small (approximate) squares contains

a point in every square.

and the result follows.

Now assumes TogN loglogN !'1 . We aim to show
that whp C(0) extends some distance beyondg (0) in
at least one narrow sector, whereR? = log(Ns?) 3
as before. By Lemma 5,R?> r2 = O(loglogN), and
soR r, = 0o(1). Divide Dr(0) into sectors of angle
about 1=" TogN. Consider the approximately square re-

Consider a sector of angles=p 5logN containin[g such a
point. For i =0;1;2;::: letr; = R+ (i 1)s= 5. Let
A; be the intersection of the sector with the annulus with
inner radius r; and outer radius ri.; . Suppose thatk is
such that all the regions Aj for 1 i  k contain at least
one point of the process. Then, for 0 i <k, points in
adjacent regionsA; and Aj,; are adjacent[jn_ G, so we may
conclude thatr, is atleastR+(k 1)s= 5.

The density in the region A; is at least (rij«1). The
condition on s implies that R? = (1 + o(1))log N. Thus,
the area of the regionA,; is at least s?=5:1. Hence, setting

0 = (s°=5:1) (R), the expected numbeb i of points in A;
satises oe ' where =2ry.15= 5 (the de nition
of R implies that ¢ = €3=5:1 + o(1) > 1:25).

The probability p; that A; contains at least one point is

1 e i ée '". Thus the probability that all the regions
A; for0 i k contain at least one point is at least
V( k+1
pi - exp( > k)
i=1
If j P k
k = 0:98(loglogN )= 1

then tgis probability is at least (log N) %4° °@  (Note
that s" logN loglogN !'1 ensuresthatk !'1 .) How-
ever we have at leasR = ((log N)?) disjoint sectors so,
whp , at least one of the sectors satis es this. Thuswhp ,

r2 R2+2(k 1)Rs:p§ log(Ns?)
q

+ 3 s logN loglogN + O(sp logN +1):
O

Lemma 9.
whp ,

Suppose thas = o(1) andNs2!1 . Then,

q

+N

9]
log(Ns?)+2 s

+ O(sp logN +1):

logN loglogN

Proof. Let the radius R be dened by s? (R) = 1=3.

gion formed by intersecting one of these sectors with an e de ne a sequence of aread;. Let Ag be Dg(0), and for

annulus with radii R 1 andR (see Igigure 2). Subdivide
this region S iBtg sectors of angles= 5logN and annuli
of thicknesss= 5. The region is thus subdivided into&\p-
proximately square regions of side length at mosts= 5.
We aim to show that with a reasonable proba}piﬂty there
is a pointin S\ C(0) at distance at leastR s= 5 from 0.

Each small square-like region contains at least one point

with probability at least pp =1 exp( s*> (R)=5:1) > Psite -
Moreover, points in any two adjacent squares are within
distance s, so are connected inG. Comparing this process
with a site percolation with probability py, we see that
with positive probability there is a square near the centre
of S which is connected to the sider = R of S, and hence
there if) a point within r of 0 joined to a point at least
R s=50f0inS.

i 1 let A = DR+is (0) nDR+(i 1)5(0). Let V; = VA A,
and fori 2 let V; be the vertices inA; joined to a vertex
in V, wholly inside D+ is (0).

We want to bound the size ofV;. Let W; be the points
in A; that are neighbours of vertices inV; ;. Now, since
the density in Aj+; is bounded above by (R + is) we have

E(Wi+1jjiVij)) s? (R+is)jVij:

Also, any vertex in V; is either in W, or is a descendant
of a vertex in W;. Moreover any vertex in Vi nW; has an
ancestor inW; which can be reached from this vertex by a
path using no vertex of anyV; for j <i . Note that these
vertices may lie in A; for j <i but cannot lie in Ay or Ag.
However the expected number of descendants of a vertex



in Wipwhich can be reached wholly outsideDg (0) is at

most jlzl 3 1 =1=2. Hence
EGViI T iWi))  3jwij:

Combining these we see that, substituting forR,

E(Vi+1jiiVii)

352 (R+is)jVij ie FEjvij

Also jV,j is at most the number of points outside D (0),
which is dominated by a Poisson distribution with mean

5. Hence
EGVii) 2 0 Yexp( 2Rs | )5
Thus if | m
j= (Rs) llog(l=s?) +1
then E(jVjj) 2 le R (using 2! (G 1?%+1 for

j  2). Now sinces = o(1), (Rs)jg 1'1 . Thus either j
or Rs is large and soE(jV;j) = o(1). Therefore whp r.

R+ js, so that whp r? log(Ns?) +2jRs + O(1). The
result fO||8WS since we may assume log&s’)  loglogN
and R logN. O

This completes the proof of the estimate forr. in part
3 of Theorem 2.

Corollary 10. If s= o(loglog N:IO logN) and Ns? !

1, then whp

2
max

r r2  (1+ o(1))log(1=5):

Proof. From Lemma 9, we havewhp

4 p——
logN  log(1=¢%) + 2 s logN log logN

+ O(sp logN +1)
log(1=5%) + o(loglogN):

r2

logN

Thus for any "> 0, whp r2 +(1  ")log(1=s’) = log N

! (1). The result now follows from Lemma 3. O

4 Small s

The results we have proved so far say very little about
the caseNs? = O(logN). In this section we address this
case.

Lemma 11. Suppose thatR is such that R 2 (R) !
1, Ns?= O(logN), and
NsZe R’ logR? 11

logN (7)

Then, whp, Gjp, (o) is connected.

Proof. The process restricted to Dg(0) stochastically
dominates a Poisson process of meanR). The expected

number of points of the Poisson process inside the disc is

R 2 (R).

The hypotheses of the theorem imply that R = O(1)
(since if R ! 1  then eventually Ns2e R*  logN
logR?2< llogN IlogR?! 1 ),sothat (0) C (R)
for some constantC. We modify the original process inside
Dr(0) by keeping points of the process at distanceg R
from the origin with probability (R)= (r). Then the mod-
i ed process has density exactly (R) in Dr(0). Denote
by GO the graph obtained from the modied process by
joining two points at distance less thans.

Now suppose thatH = Gjp () is not connected. Then
H will contain two vertices v; and v, which are not joined
by a path in H. These vertices will be inH® = GYp (g
with probability at least 1 =C?, and they will certainly not
be joined by a path in H® Hence ifH is not connected with
probability at least p in nitely oftenas N !'1 , then H®
is not connected with probability at least p=C? in nitely
oftenasN !'1 . Thus if H%is connectedwhp , H is also
connectedwhp .

Provided that R 2 (R) tends to in nity as N tends to
in nity, we can apply Theorem 1 to see that H? is con-
nected, whp , if s? (R) log(R ? (R))+ ! (1). Substi-
tuting for (R) and rearranging gives the result. O

Corollary 12. SupposeC > 1 and Ns?2 = ClogN.

Then whp

2

r logC o(1):

Proof. Fix > 0 with < logC. Substitute R? =
logC > 0in (7). Then R2 (R)!1 and the left
hand side of (7) becomes

e logN logN logR?=(e 1)logN + O(1)
which tends to in nity. O
Lemma 13. If Ns?< (1 ")logN andNs?!1 then
whp

r2 = N lexpfNs?(1+ o(1))g:

Proof. First we prove r? N lexpfNs?(1+ o(l))g.
Let R2 = N lexpfNs?(1+ )g. Thenif0 < <",
R = 0o(1) and the expected number of isolated points in
Dgr(0) is at least

N e R)expf Ns?g INR?expf Ns®g
= Llexp(Ns?)!1

The result follows from Lemma 6.

To prove r? N lexpfNs?(1 + o(1))g, let R? =
N LexpfNs?(1 )g and apply Lemma 11. Then
R2 (R)!1 andwe have

Ns’e R* log(NR?)=Ns*1 o(1)) Ns*1 )

+0(1)!1

The result follows, since ifGjp , (o) is connected thenr

R. O

Lemma 14. If Ns?=log N then whp
log logN

2 _ .

re=(1+ 0(1))7|09N



Proof. For the lower bound we use Lemma 11. Take loosely speaking, describe the width of the central com-

RZ = (1 )loglogN=IlogN for > 0. Certainly ponent of such a graph. It is our hope that some of our
R2 (R)= NRZ2e R®11 . Now methods will nd application to other problems in this
area.
Ns2e R* logN logR?
2 1 loglogN
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and sowhp r R by Lemma 6. O

The last three lemmas together establish part 4 of The-
orem 2. Part 7 is immediate, and for part 5, if Ns2 ! 1
thenr =s!1 by Lemma 13 and so Lemma 8 applies and
it together with Lemma 9 give r2 = log(Ns?)+ O(1). Part
6 follows from standard results on branching processes: we
note only that if Ns? = C > , where is the critical den-
sity for disc percolation, and if R> =log C log , then the
probability that the origin belongs to the giant component
in Gjp, (o) lies strictly between 0 and 1, and, conditional
on this event occurring, r+ =(1+ o(1))R.

5 Conclusion

In this paper we have analyzed a model of a random ge-
ometric graph whose vertices are given by a Poisson pro-
cess of Gaussian intensity: two such vertices are connected
in the graph if they lie within distance s of each other.
We have given precise bounds for two parameters which,



